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Abstract

In this paper the generalization of the notion of variation in the
extended Lagrangian formalism for the rheonomic mechanical sys-
tems (Dj. Mušicki, 2004) is formulated and analyzed in details.
This formalism is based on the extension of a set of generalized
coordinates by new quantities, which determine the position of the
frame of reference to which the chosen generalized coordinates re-
fer. In the process of varying, the notion of variation is extended
so that these introduced quantities, being additional generalized
coordinates, must also to be varied, since the position of each
particle of this system is completely determined only by all these
generalized coordinates.

With the consistent utilization of this notion of variation, the
main results of this extended Lagrangian formalism are systemat-
ically presented, with the emphasis on the corresponding energy
laws, first examined by V. Vujičić (1987), where there are two types
of the energy change laws dE/dt and the corresponding conserva-
tion laws. Furthermore, the generalized Noether’s theorem for the
nonconservative systems with the associated Killing’s equations
(B. Vujanović, 1978) is extended to this formulation of mechan-
ics, and applied for obtaining the corresponding energy laws. It is
demonstrated that these energy laws, which are more general and
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more natural than the usual ones, are in full accordance with the
corresponding ones in the vector formulation of mechanics, if they
are expressed in terms of quantities introduced in this extended
Lagrangian formalism.

Finally, the obtained results are illustrated by an example: the
motion of a damped linear harmonious oscillator on an inclined
plane, which moves along a horizontal axis, where it is demon-
strated that there is valid an energy–like conservation law of Vu-
janović’s type.

Keywords: extended Lagrangian formalism, rheonomic systems,
rheonomic potential, Noether’s theorem for nonconservative sys-
tems, energy–like conservation law.

1 Introduction

The modification of the analytical mechanics of rheonomic systems began
with the papers by V. Vujičić [1–4], with the goal to study their energy
relations more thoroughly, including the influence of nonstationary con-
straints. By introducing an additional generalized coordinate, which was
suggested by the form of the nonstationary constraints, the main general
principles of mechanics were formulated, an extended system of the La-
grangian equations was obtained, and the corresponding energy relations
for such systems have been studied. Under certain conditions, the ob-
tained energy conservation law had an unexpected form, containing an
additional term arising from the nonstationary constraints, which differs
essentially from its standard form.

Regarding conservation laws in general, B. Vujanović with coauthors
[5–7] gave a general method for finding the integrals of motion in the
usual Lagrangian formulation, which is applicable to the nonconservative
systems as well. It is based on the generalization of the Noether’s theo-
rem via d’Alambert-Lagrange’s principle, and the associated generalized
Killing’s equations. Applying it, obtaining the integrals of motion re-
duces to finding the particular solutions of the Killing’s equations, which
gives not only well-known integrals of motion, but also new ones for the
nonconservative systems. Another approach to this problem was given by
the author (Dj. Mušicki, [8–10]) in the form of a parametric formulation
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of mechanics. It is based on the separation of the double role of time
for such systems (an independent variable and a parameter), and on the
introduction of a new parameter, later taken as an additional generalized
coordinate. Based on this, the main general principles of mechanics and
the corresponding Lagrangian and Hamiltonian equations are formulated,
as well as the energy conservation laws, and the corresponding Noether’s
theorem. The obtained results are in accordance with the corresponding
ones obtained by V. Vujičić, because of the formal similarity of the roles
of the time and the introduced parameter, but they have different basic
ideas and interpretation.

Recently, also by the author (Dj.Mušicki, [11, 12]), this formulation of
mechanics was extended in an essentially different way to the systems with
more general form of the nonstationary constraints, so called extended La-
grangian formalism. This new formulation is based on the extension of
the chosen set of generalized coordinates by new quantities, which deter-
mine the position of the corresponding moving frame of reference, with
respect to which these generalized coordinates refer. Although formally
similar to the previous parametric formulation of mechanics, it is more
logically consistent, with a clear meaning of the introduced quantities as
well as of this formulation itself. In the analysis of the corresponding
energy relations, it is demonstrated that in this formulation there are
two different types of the energy change law dE/dt and the corresponding
conservation laws, and that they are more general and more natural than
the corresponding ones in the usual Lagrangian formulation.

In this paper we shall define and analyse this extended notion of vari-
ation, which is applied to the position vectors of the particles and to the
generalized coordinates. Based on this, we shall systematically present
this extended Lagrangian formalism, with emphasis on the corresponding
energy relations, and following Vujanović’s method (1989), extend the
generalized Noether’s theorem to this formulation of mechanics. Finally,
we shall demonstrate the equivalence of the obtained energy laws with
the corresponding ones in the usual vector formulation of mechanics.
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2 Basic ideas of extended Lagrangian for-

malism

Let us consider the motion of a mechanical system of N particles under
the influence of arbitrary active forces, bounded by k nonstationary holo-
nomic constraints, in which time appears through one or several functions
ϕa(t),

fµ[~rν , ϕa(t)] = 0 (µ = 1, 2, . . . , k; ν = 1, 2, . . . , N), (2.1)

which is affirmed in all real examples. Let us determine the position of
this mechanical system with respect to some system of reference by a set
of generalized coordinates qi (i = 1, 2, . . . , n), where n = 3N − k. We
should point that in this case the system of reference is always moving in
the course of time.

The fundamental idea of this formulation of mechanics (Dj.Mušicki,
[11]) is based on the introduction of new quantities suggested by the form
of the constraints, which change in the course of time according to the
law τa = ϕa(t), and on the extension of the chosen set of generalized
coordinates by these quantities. It has been demonstrated that these
quantities determine the position of the frame of reference, to which the
chosen generalized coordinates refer, with respect to some immobile frame
of reference.

In order to determine the position of the considered mechanical system
completely, let these introduced quantities τa = ϕa(t) be additional gen-
eralized coordinates, denoted by qa, whose dependence on time is given
in advance. Then, the complete set of generalized coordinates will be:

qα =
{
qi (i = 1, 2, . . . , n); qa (a = n + 1, , n + A)

}
, (2.2)

where the first n generalized coordinates qi determine the position of the
mechanical system with respect to the corresponding associated frame of
reference, and additional ones qa the position of this reference frame with
respect to the immobile one.

Let us illustrate this idea by a simple example, the motion of a particle
under the influence of arbitrary active forces on a sphere of radius R,
whose center moves along a horizontal line uniformly with the velocity V
(Fig.1). Assuming that this line is x-axis, and that the initial position of
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the center is the origin O, implies that the equation of this moving sphere
represents the corresponding nonstationary constraint

(x− V t)2 + y2 + z2 = R2 (2.3)
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Figure 1: The particle on a moving sphere

The position of the particle on the sphere can be determined by the
spherical coordinates q1 = θ and q2 = ϕ. Here, the characteristic quan-
tity, which changes according to the law τ = V t, is the abscissa of the
center A of the sphere, and needs to be taken as an additional generalized
coordinate

τ = xA = q3 ≡ q0, q0(t) = V t (2.4)

This quantity determines the position of the moving reference frame
with respect to the immobile one.

If we express the position vectors of particles as functions of the gen-
eralized coordinates, ~rν = ~rν [q

i, ϕa(t)] and insert them into the nonsta-
tionary constraints (2.1), they become

fµ{~rν [q
i, ϕa(t)], ϕa(t)} = fµ(xα) = 0 (µ = 1, 2, . . . , k) (2.5)
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Therefore, in this formulation of mechanics, the considered rheonomic
systems are formally reduced to the equivalent scleronomic systems, but
with greater number of generalized coordinates n′ = n + A.

As an immediate consequence, the velocity of any particle can be
presented as

~vν =
d~rν

dt
=

∂~rν

∂qa
q̇α (ν = 1, 2, . . . , N), (2.6)

where it is understood that the summation is over the repeated index.
Then, the kinetic energy of the system is

T =
1

2
mν~v

2
ν =

1

2
aαβ q̇αq̇β, (2.7)

where

aαβ = mν
∂~rν

∂qα
· ∂~rν

∂qβ
, (2.8)

i.e. in this formulation of mechanics the kinetic energy is a homogeneous
quadratic function of the generalized velocities, and so defined coefficients
aαβ represent the components of the metric tensor of the corresponding
extended configuration space.

3 Extension of the notion of variation

Since the introduced quantities qa = τa = ϕa(t) together with the chosen
generalized coordinates completely determine the position of the consid-
ered mechanical system of particles, the usual notion of variation (see
e.g. Dobronravov ([13], p.75–81)) must be extended, so that besides the
position vectors the quantities τa are varied as well. These variations of
the additional generalized coordinates cause very small changes of the
position of the associated frame of reference, compatible with the nonsta-
tionary constraints (2.1). Since this compatibility must remain valid in
the course of time, and these constraints in each instant must be satisfied,
each such change implies some change of the form of these constraints.
Therefore, so extended variations δqα (α = 1, 2, . . . , n + A) are always
accompanied by some change of the associated frame of reference, as well
as of the corresponding constraints.

The family of varied paths of the particles of the system, together with
their real trajectories starting from their positions in some instant t = t0
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(Fig.2), can be defined in the following way. Let us consider a family of
curves

~rν = ~rν(t, γ, τa) (ν = 1, 2, . . . , N), (3.1)
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Figure 2: The family of varied paths and the variation δ~rν

in which, besides usual parameter here denoted by γ, we introduced the
quantities τa (a = 1, 2, . . . , A) as the additional parameters, and suppose
that for γ = γ0 these equations represent the real motion of these parti-
cles. Then, the varied paths of any particle can be defined similarly as
in the usual case, namely as such arbitrary paths whose values of param-
eters γ and τa differ very little from those on the real trajectory of this
particle, but in accordance with the constraints.

We shall illustrate it with the simple example represented on the Fig.1,
where a particle moves along the surface of a sphere, whose center moves
with the velocity V along a horizontal axis. In the process of varying
the particle’s position, we must vary not only its polar coordinates θ
and ϕ, but also the additional coordinate q0 = V t. This means that we
must take, besides the changed functions θ = θ(t) and ϕ = ϕ(t), another
function q0(t) = V t+ε(t), which differs very little from the linear function
q0 = V t, i.e. instead of the uniform motion of the center of this sphere,
we will have a motion, which is close to the uniform one.

In order to formulate the variation of the position vector in so extended
sense, let us consider two very close varied paths of a particle

~rν = ~rν(t, γ, τa), ~rν = ~rν(t, γ + δγ, τa + δτa) (ν = 1, 2, ..., N) (3.2)
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Then, the simultaneous variation of the position vector will be defined
as

δ~rν
def
= ~rν(t)− ~rν(t) = ~rν(t, γ + δγ, τa + δτa)− ~rν(t, γ, τa), (3.3)

where, ~rν(t) and ~rν(t) are the functions which represent the position vec-
tors on these varied paths taken in the same instant t.

If we expand the first function in Taylor’s series, and neglect the higher
terms

~rν(t, γ + δγ, τa + δτa) ≈ ~rν(t, γ, τa) + δγ

(
∂~rν

∂γ

)

0

+ δτa

(
∂~rν

∂τa

)

0

,

the previous relation obtains the form

δ~rν =

(
∂~rν

∂γ

)

0

δγ +

(
∂~rν

∂τa

)

0

δτa ≡ δ0~r + δτ~r, (3.4)

The first term δa~rν =
(

∂~rν

∂γ

)
0
δγ represents the variation of the position

vector in the usual sense, denoted here by index zero, and the second term
is specific for this formulation of mechanics.

In order to see a geometrical sense of this variation, let us imagine
two very small displacements of this particle: d~rν along a varied path and
d′~rν along another varied path close to the first one in the same small
time interval (t− dt, t), and form their difference (see Fig.2)

d′~rν − d~rν =
−−−−→
MνMν = ~rν(t, γ + δγ, τa + δτa)− ~rν(t, γ, τa)

According to the definition (3.3), this expression represents the vari-
ation of the position vector δ~rν in the instant t,

δ~rν = d′~rν − d~rν (ν = 1, 2, . . . , N), (3.5)

i.e. the variation δ~rν can be treated as difference of two possible very
small displacements of a particle in the same time interval dt and this is
the virtual displacement of the particle.

So extended notion of variation can be formulated for the extended
generalized coordinates qα (α = 1, 2, . . . , n + A) as well, where the family
of varied paths can be described by

qα = qα(t, γ, τα) (α = 1, 2, . . . , n + A), (3.6)
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with the quantities τa having double role: they are the additional pa-
rameters and also the additional generalized coordinates qa = τa. The
simultaneous variation of the generalized coordinate qα will be defined by

δqα def
= qα(t)− qα(t) = qα(t, γ + δγ, τa + δτa)− qα(t, γ, τa), (3.7)

where qα(t) and qα(t) are the functions which represent the generalized
coordinates corresponding to these very close varied paths, and the first
ones qα(t) can coincide with the real motion of the system.

O tt-dt

q
i

dq
a

t

dq
a } d q’

a

(a,ta)

(a+da,ta
+dta)

Figure 3: The variation δqα as δqα = d′qα − dqα

If we expand the first function in (3.7) in Taylor’s series, in a analogous
way as in the previous case, we obtain

δqα =

(
∂qα

∂γ

)

0

δγ +

(
∂qα

∂τa

)

0

δτa ≡ δ0q
α + δτq

α. (3.8)

Similarly to (3.5), this variation of generalized coordinate can be rep-
resented as the difference of its two possible very small changes in the
same time interval dt (Fig.3).

δqα = d′qα − dqα (α = 1, 2, . . . , n + A) (3.9)
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Finally, in this formulation of mechanics, it is possible to introduce
the total or non-simultaneous variation of the generalized coordinate by
generalization of the definition (3.7)

∆qα ≡ (δqa)tot
def
= qα(t + ∆t)− qα(t) (α = 1, 2, . . . , n + A), (3.10)

where the functions qα(t) and qα(t) correspond to two close varied paths,
the first taken in the instant t, and the second in the instant t + ∆t. If
we expand the first term qα(t + ∆t) in Taylor’s series and insert it in the
previous relation, it obtains the form

∆qα = qα(t)− qα(t) + q̇α∆t = δqα + q̇α∆t (3.11)

as in the usual Lagrangian formulation.
In this formulation of mechanics all the usual relations for the varia-

tions retain the same form as in the usual Lagrangian formulation, but all
the variations must be understood in the extended sense. So, for example
if we consider two infinitel changes of a function ~rν = ~rν(q

α, t) in the some
time interval dt

d~rν =
∂~rν

∂qα
dqα +

∂~rν

∂t
dt, d′~rν =

∂~rν

∂qα
d′qα +

∂~rν

∂t
dt,

their difference gives, on the base of (3.5) and (3.8)

δ~rν = d′~rν − d~rν =
∂~rν

∂qα
δqα (3.12)

For an integral of the forme F =
∫ t1

t0
f(qα, q̇α, t)dt its total variation

will be, according its definition and after possible approximations

∆F =

∫ t1

t0

f(qα, q̇α, t)dt−
∫ t1

t0

f(qα, q̇α, t)dt = δF + |f∆t|t1t0 , (3.13)

where, for example qα = qα + δqα, with qα given by (3.7).

4 Work of the ideal forces of constraints

An immediate consequence of so extended notion of variation concerns
the work of all the ideal forces of constraints along the arbitrary virtual
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displacements of particles. In order to obtain the necessary conditions
for the quantities δ~rν , let us vary the nonstationary constraints (2.1) in
the extended sense, meaning that the quantities τa = ϕa(t) are varied as
well. The change in the form of these constraints arises not only from
the variation of the position vectors ~rν , but also from the variation of the
quantities τa, directly as well as through the quantities ~rν . In this way,
we obtain

∂fµ

∂~rν

·δ0~rν +
∂fµ

∂τa

δτa +
∂fµ

∂~rν

· ∂~rν

∂τa

δτa =
∂fµ

∂~rν

·
(

δ0~rν +
∂~rν

∂τa

δτa

)
+

∂fµ

∂τa

δτa = 0,

which, according to (3.4) can be written as

∂fµ

∂~rν

· δ~rν +
∂fµ

∂τa

δτa = 0 (µ = 1, 2, . . . , k) (4.1)

and these are the conditions, which must be satisfied by the virtual dis-
placements δ~rν . Then, the elementary work of all the ideal forces of
constraints defined in the usual way by ~Rν = λµ

∂fµ

∂~rν
will be

δA = ~Rid
ν · δ~rν = λµ

∂fµ

∂~rν

· δ~rν = −λµ
∂fµ

∂τa

δτa,

i.e. it has the form
δA = ~Rid

ν · δ~rν = R0
aδτa, (4.2)

where

R0
a = −λµ

∂fµ

∂τa

= ~Rid
ν ·

∂~rµ

∂qa
(4.3)

So defined quantities ~R0
ν arise from the nonstationary constraints and

represent the generalized forces which correspond to the additional gen-
eralized coordinates qa. The property that work ~Rid

ν · δ~rν in this extended
Lagrangian formalism is different from zero is one of the characteristics
of this formalism, which differs essentially from the usual Lagrangian for-
mulation, where this work is equal to zero.

As an appropriate example, consider the motion of a particle along a
straight line in an inclined plane, which moves uniformly in the direction
OO′ under the influence of arbitrary forces. In this case, the associated
frame of reference is attached to this particle, and possible elementary
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displacements of this pole ∆~rA and ∆′~rA coincide with the corresponding
displacements of this particle d~r and d′~r. In the standard analytical me-
chanics all these elementary displacements along the real and the varied
paths end up in the same position of this moving inclined plane OC in
the instant t + ∆t (Fig.4a). Therefore, the virtual displacement δ~r for
any varied path is parallel to this inclined plane, and the ideal force of
the constraints ~Rid is normal to it, thus ~Rid · δ~r = 0, what corresponds to
the general definition of the ideal forces of constraints.
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0
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Figure 4: The variation δ~r a) in this usual formulation, b) in this formu-
lation of mechanics

However, in this extended Lagrangian formalism, because of the ad-
ditional variation of the quantity τa, i.e., of the pole of the associated
frame of reference AX ′Y ′Z ′, this pole will be displaced by an additional
displacement dτ~r (Fig.4b). This implies that the considered particle will
also be displaced for the same amount, as well as this inclined plane, on
which this particle must be in each instant, and therefore this inclined
plane is now passing over to the final position O′C ′. For that reason, the
vector δ~rν will not be parallel to this inclined plane anymore, and there-
fore ~Ridδ~r 6= 0. This means that the elementary work of the ideal force
of constraint along arbitrary virtual displacement of this particle will be
different from zero, what is in accordance with the obtained result (4.2).
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5 D’Alambert-Lagrange’s principle and La-

grangian equations

In order to obtain the corresponding d’Alambert-Lagrange’s principle in
this extended Lagrangian formalism, let us start from the fundamental
equation of dynamics applied to each particle of the system

mν~aν = ~Fν + ~Rid
ν + ~R∗

ν (ν = 1, 2, . . . , N), (5.1)

where the forces of constraints are decomposed into the ideal and the
nonideal ones, the latter denoted by ~R∗

ν . If we multiply these equations
by δ~rν understood in the extended sense (3.3), sum over the repeated
index, and substitute the elementary work of the ideal forces of constraints
~Rid

ν · δ~rν by the expression (4.2), we obtain

(~Fν + ~R∗
ν −mν~aν) · δ~rν = −R0

aδτa (5.2)

This relation represents the corresponding d’Alambert-Lagrange’s prin-
ciple in this formulation of mechanics, which differs from the correspond-
ing one in the usual formulation (see e.g. Goldstein, [14], p.16–21) only
by the term on the right-hand side, which is specific for this extended
Lagrangian formalism.

This principle can be expresses in terms of these generalized coordi-
nates as well, putting δ~rν = ∂~rν

∂qα δqα according (3.12) and having in mind
that qa = τa. In this way, applying the analogous transformations as in
the usual Lagrangian formulation, this principle passes to (see Mušicki,
[11]) (

Qα + R∗
α + δa

αR0
a −

d

dt

∂T

∂q̇α
+

∂T

∂qα

)
δqα = 0, (5.3)

where

Qα = ~Fν · ∂~rν

∂qα
, R∗

a = ~R∗
ν ·

∂~rν

∂qa
, (5.4)

and δa
α is the Kronecker’s symbol. If we decompose the generalized forces

Qα into the potential and the nonpotential ones, the latter deigned by
Q∗

α, the principle (5.3) obtains the form

(
Q̃∗

α + δa
αR0

a −
d

dt

∂L

∂q̇α
+

∂L

∂qα

)
δqα = 0, (5.5)
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where the Lagrangian L and Q̃∗
α are given by

L(qα, q̇α, t) =
1

2
aαβ q̇αq̇β − V, V = bαq̇α + U(qα, t)

Q̃∗
α = ~F ∗

ν

∂~rν

∂qα
+ ~R∗

ν

∂~rν

∂qα
= Q∗

α + R∗
α

(5.6)

with U being the potential energy of the system.
From (5.5), because of the independence of the variations δqα, it fol-

lows that every coefficient near to δqα must be equal to zero, what can
be decomposed into two groups of equations

d

dt

∂L

∂q̇i
− ∂L

∂qi
= Q̃∗

i (i = 1, 2, ..., n)

d

dt

∂L

∂q̇a
− ∂L

∂qa
= Q̃∗

a + R0
a (a = n + 1, ..., n + A)

(5.7)

and these are the corresponding Lagrangian equations in this formulation
of mechanics, which have also been obtained by V. Vujičić [2], but in less
general form and in another way. We should point out, that here, the
explicit dependence on time of the Lagrangian appears only in the case
when the active forces are explicitly dependent on time.

The first n of these equations, coincide with the Lagrange’s equations
in the usual Lagrangian formulation, and the additional ones are specific
for this formulation. Due to the cited property of the first group of La-
grangian equations, in this formulation of mechanics we have the same
equations of motion qI = qi(t) (i = 1, 2, . . . , n) as in the usual Lagrangian
formulation, but the corresponding energy relations will be changed es-
sentially.

Of special interest for this analysis is that in certain cases the quanti-
ties R0

a can be presented as the partial derivatives of some function with
respect to qa

R0
a = − ∂P

∂qa
⇒ P = −

∫
R0

adqa (5.8)

Then, by grouping the similar terms, Lagrangian equations (5.7) can
be written in the form

d

dt

∂L
∂q̇α

− ∂L
∂qα

= Q̃∗
α (α = 1, 2, . . . , n + A), (5.9)
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where
L(qα, q̇α, t) = L− P = T − (V + P ). (5.10)

So defined function P has the meaning of some potential energy, which
arises from the nonstationary constraints.

6 Energy relations in this formulation of

mechanics

In so extended Lagrangian formalism let us present the corresponding
energy relations for the considered mechanical systems, what can be
effectuated starting either directly from the corresponding d’Alambert-
Lagrange’s principle, or from the associated Lagrangian equations. In
the first case, let us start from the principle (5.5) in the form

(
d

dt

∂L

∂q̇a
− ∂L

∂qα
− Q̃∗

α − δa
αR0

a

)
δqα = 0 (6.1)

and, according to (3.8), present variation δqa as δqα = d′qα − dqα. Now,
choose d′qα to present the elementary change of qα in the course of the
real motion of system in the time interval (t, t + dt), and let dqα be zero,
so that the variation δqα will be

δqα = (dqα)real = q̇αdt (α = 1, 2, . . . , n + A) (6.2)

Then, after transforming the first term in (6.1), the d’Alambert-
Lagrange’s principle becomes

d

(
∂L

∂q̇α
q̇α

)
− ∂L

∂q̇α
dq̇α − ∂L

∂qα
dqα = (Q̃∗

α + δa
αR0

a)dqα (6.3)

and since, in general case,

dL =
∂L

∂qα
dqα +

∂L

∂q̇α
dq̇α +

∂L

dt
dt,

the previous relation by grouping the similar terms, obtains the form:

d

(
∂L

∂q̇α
q̇α − L

)
= −∂L

∂t
dt + Q̃∗

αdqα + Radqa (6.4)
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In this formalism, depending on the structure of the last term, there
are two possible cases, which give two different types of the energy change
law dE

dt
(see Mušicki [11])

(a) If R0
adqa can be presented as a total differential of some function

R0
adqa = −dP ⇔ P −

∫
R0

adqa, (6.5)

the relation (6.4) after division by dt, can be written in the form

d

dt

(
∂L

∂q̇α
q̇α − L + P

)
= −∂L

∂t
+ Q̃∗

αq̇α

or more concisely, bearing in mind that P is dependant only on qa

d

dt

(
∂L
∂q̇α

q̇α − L
)

= −∂L
∂t

+ Q̃∗
αq̇α, (6.6)

where L is given by (5.10). This is the corresponding energy change law,
and so defined function P is identical to the quantity defined by (5.8),
which is named rheonomic potential by V.Vujičić [2]. The quantities
R0

a can be obtained either directly using its definition (4.3), or from the
corresponding Lagrangian equations, and then P by integration (5.8).

(b) If R0
adqa cannot be presented as a total differential of some func-

tion, it is necessary to start from the general relation (6.4), which can be
written in the form

∂E
dt

=
d

dt

(
∂L

∂q̇α
q̇α − L

)
= −∂L

∂t
+ Q̃∗

αq̇α + R0
aq̇

a (6.7)

This is the corresponding energy change law, but in this case the
rheonomic potential does not exist.

The physical meaning of the corresponding generalized energies, given
in the parenthesis of (6.6) and (6.7) can be find in the following way. So,
in the first case, according to (5.10) and (5.6), this generalized energy will
be

Eext =
∂L
∂q̇α

q̇α − L = (aαβ q̇β − bα)q̇α −
(

1

2
aαβ q̇αq̇β − bαq̇α − U − P

)
,
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i.e., it is equal to

Eext =
∂L
∂q̇α

q̇α − L = T + U + P (6.8)

and in the second case

E =
∂L

∂q̇α
q̇α − L = T + U (6.9)

Therefore, the generalized energy in the first case represents the total
mechanical energy of the system extended by the rheonomic potential,
which expresses the influence of the nonstationary constraints, but in the
second case it coincides with the usual total mechanical energy.

Then, from the energy change laws we can obtain immediately the
corresponding conservation laws. Namely, in the first case, from the rela-
tion (6.6) we can conclude: if the expression R0

adqa is a total differential
of some function, if the Lagrangian does not explicitly depend on time,
and if the nonpotential active forces as well as the nonideal forces of con-
straints are absent or at least gyroscopic, then the energy conservative
law is valid in the form

Eext =
∂L
∂q̇α

q̇α − L = T + U + P = const (6.10)

This conservative law was obtained by V.Vujičić [2] in his modification
of the dynamics of rheonomic systems, but it had less general form and
a different starting point.

In the second case, for the validity of the energy conservation law, it
is necessary to add one more condition R0

aq̇
a = 0, and then it has the

form

E =
∂L

∂q̇α
q̇α − L = T + U = const, (6.11)

but this rigid condition is rarely satisfied.
Let us remark that these energy change laws and the associated con-

servation laws differ essentially from the corresponding ones in the usual
Lagrangian formulation, where the influence of the nonstationary con-
straints is absent and the kinetic energy is not complete, and where the
corresponding energy conservation law is so–called Jacobi–Painlevé’s en-
ergy integral (see e.g. Lur’e, [15], p.285-287)

E =
∂L

∂q̇α
q̇α − L = T2 − T0 + U = const (6.12)
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7 Generalized Emmy Noether’s theorem

The integrals of motion for the considered systems in this formulation of
mechanics can be obtained in even more general form using the gener-
alized Noether’s theorem with the associated generalized Killing’s equa-
tions, which is valid for the nonconservative systems as well (Vujanović
and Jones, [7], p. 80–91, 111–121). This can be obtained also directly
(Dj.Mušicki, [16]), starting from the total variation of action and the
general Lagrangian equations. In order to adapt it for this formulation
of mechanics, let us start from the total (nonsimultaneous) variation of
Hamilton’s action (see e.g. Dobronravov([13], p.142-146)), understood
in so presented extended sense as defined by (3.13), where the variables
qa = τa(t) are varied as well

∆W = ∆

∫ t1

t0

L(qα, q̇α, t)dt =

∫ t1

t0

{
d

dt

[
∂L

∂q̇a
(∆qα − q̇α∆t) + L∆t

]
+

+

(
∂L

∂qα
− d

dt

∂L

∂q̇α

)
(∆qα − q̇α∆t)

}
dt,

(7.1)
but here there are n + A generalized coordinates. Further, let us choose
these total variations ∆qα and ∆t, which represent the transformation of
the generalized coordinates and time from (qα, t) to (qα, t), in the form of
a r-parametric group with r infinitesimal parameters εm

∆qα = qα − qα = εmξα
m(qβ, q̇β, t), ∆t = t− t = εmξ0

m(qβ, q̇β, t),
(α = 1, 2, . . . , n + A; m = 1, 2, . . . , r)

(7.2)

Then, by inserting (7.2) into (7.1), the total variation of action can
be presented as a function of ξa

m and ξ0
m, i.e.,

∆W =

∫ t0

t1

εm

{
d

dt

[
∂L

∂q̇α
(ξα

m − q̇αξ0
m) + Lξ0

m

]
−

−
(

d

dt

∂L

∂q̇α
− ∂L

∂qα

)
(ξα

m − q̇αξ0
m)

}
dt

(7.3)

Let us transform the expression (7.1) substituting the variational

derivative according to the Lagrangian equations (5.7) by Q̃∗
α + δa

αR0
a.

In addition, let us add and subtract the term dΛ
dt

, where Λ can be an arbi-
trary function of qα, q̇α and t, which defines the invariance of the action



A contribution to the theory of the extended Lagrangian... 65

up to so called gauge term, whereby the total variation of action obtains
the form

∆W =

∫ t1

t0

{
d

dt

[
∂L

∂q̇α
(∆qα − q̇α∆t) + L∆t− Λ

]
−

− (Q̃∗
α + δa

αR0
a)(∆qα − q̇α∆t)− dΛ

dt

}
dt

(7.4)

On the other hand, the total variation of action can be transformed
in the following way

∆W = ∆

∫ t1

t0

Ldt =

∫ t1

t0

[
∆L + L

d

dt
(∆t)

]
dt (7.5)

and, after inserting (7.5) into (7.4), this relation can be written as
∫ t1

t0

{
d

dt

[
∂L

∂q̇α
(∆qα − q̇α∆t) + L∆t− Λ

]
−

[
∆L + L

d

dt
(∆t)+

+Q̃∗
α(∆qα − q̇α∆t) + R0

a(∆qa − q̇a∆t)− dΛ

dt

]}
dt = 0

(7.6)

Therefore, if the following condition is satisfied

∆L + L
d

dt
(∆t) + Q∗

α(∆qα − q̇α∆t) + R0
a(∆qa − q̇a∆t)− dΛ

dt
= 0, (7.7)

since the time interval (t0, t1) is arbitrary, the integrand in (7.6) must be
zero, from where follows

I =
∂L

∂q̇α
∆qα +

(
L− ∂L

∂q̇α
q̇α

)
∆t− Λ = const (7.8)

After substituting ∆qα and ∆t by the expressions (7.2), and with
Λ = εmΛm, we obtain

I =

[
∂L

∂q̇α
ξα
m +

(
L− ∂L

∂q̇α
q̇α

)
ξ0
m − Λm

]
εm = const

and, because of the independence of parameters εm, this conservation law
will be decomposed into r independent ones

Im =
∂L

∂q̇α
ξα
m +

(
L− ∂L

∂q̇α
q̇α

)
ξ0
m − Λm = const (m = 1, 2, . . . , r) (7.9)
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If R0
adqa can be presented as a total differential of some function

R0
adqa = −dP ⇒ R0

a = − ∂P

∂qα
, (7.10)

in accordance with (6.5), let us start from the relation (7.6) and transform
the specific term in the following way

R0
a(∆qa − q̇a∆t) = R0

a∆qa − R0
adqa

dt
∆t = − ∂P

∂qa
∆qa +

dP

dt
∆t =

= −∆P +
d

dt
(P∆t)− P

d

dt
(∆t),

since P is dependant only on the variables qa. Then the relation (7.6) by
grouping the similar terms, can be written in the form

∫ t1

t0

{
d

dt

[
∂L
∂q̇α

∆qα +

(
L − ∂L

∂q̇α
q̇α

)
∆t− Λ

]
−

[
∆L+

+L d

dt
(∆t) + Q̃∗

α(∆qα − q̇α∆t)− dΛ

dt

]}
dt = 0,

(7.11)

where L is given by (5.10). From here we conclude: if

∆L+ L d

dt
(∆t) + Q̃∗

α(∆qα − q̇α∆t)− dΛ

dt
= 0, (7.12)

the following quantity remains constant in the course of time

I ′ =
∂L
∂q̇α

∆qα +

(
L − ∂L

∂q̇α
q̇α

)
∆t− Λ =

=

[
∂L
∂q̇α

ξα
m +

(
L − ∂L

∂q̇α
q̇α

)
ξ0
m − Λm

]
εm = const,

which can be also decomposed into r independent integrals of motion

I ′m =
∂L
∂q̇α

ξα
m +

(
L − ∂L

∂q̇α
q̇α

)
ξ0
m−Λm = const (m = 1, 2, . . . , r) (7.13)

Consequently, for any r-parametric transformation of generalized co-
ordinates and time which satisfies the condition (7.7) or (7.12), there
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are r-mutually independent integrals of motion (7.9) or (7.13) respec-
tively. This statement represents some generalization of our formulation
of Noether’s theorem in a parametric formulation of mechanics (Mušicki,
[9]) and is valid for any mechanical system which can be nonconservative

as well. In the special case when ∆t = 0, Q̃∗
α = 0, and dΛ

dt
= 0, the

condition (7.12) for the validity of the integrals of motion is reduced to
∆L = δL = 0 (because of ∆t = 0) and the variation of action will be

δW =

∫ t1

t0

δLdt = 0, (7.14)

which corresponds to the usual formulation of the Noether’s theorem, but
with L insted of L.

Now, analogously to the procedure given by B.Vujanović [7] in the
usual formulation of mechanics, we shall find the equations which must
be satisfied by the functions ξα

m and ξ0
m. If we start from the condition

(7.7), write the total variation of Lagrangian ∆L explicitly, and apply the
relation between the total variation of q̇α and time derivative of ∆qα (see
e.g. Dobronravov, [13], p.145)

∆qα = ∆
dqα

dt
=

d

dt
(∆qα)− q̇α d

dt
(∆t), (7.15)

the condition (7.7) obtains the form

∂L

∂qα
∆qα +

∂L

∂q̇α

[
d

dt
(∆qα)− q̇α d

dt
(∆t)

]
+

∂L

∂t
∆t + L

d

dt
(∆t)+

+Q̃∗
α(∆qα − q̇α∆r) + R0

a(∆qa − q̇a∆t)− dΛ

dt
= 0 (7.16)

After substituting ∆qα and ∆t by the expression (7.2), and with Λ =
εmΛm, this relation becomes a linear combination of the parameters εm,
and because of their independence, each coefficient near to εm must be
equal to zero

∂L

∂qα
ξα
m +

∂L

∂q̇α
ξ̇α
m +

(
L− ∂L

∂q̇α
q̇α

)
ξ̇0
m +

∂L

∂t
ξ0
m+

Q̃∗
α(ξα

m − q̇αξ0
m) + R0

a(ξ
a
m − q̇aξ0

m)− Λ̇m = 0 (7.17)
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and this relation can be named, by analogy with corresponding Vu-
janović’s relation ([7], p.118) in the usual Lagrangian formulation, the
basic Noether’s identity. If we expand all time derivatives of the func-
tions ξα

m, ξ0
m and Λm, after grouping the similar terms we obtain a relation

of the form Am + q̈βBmβ = 0, in which functions Am and Bmβ do not de-
pend on q̈β. This relation can be satisfied only if Am = 0, and Bmβ = 0,
what gives the following two systems of equations

∂L

∂qα
ξα
m +

∂L

∂q̇α

[
∂ξα

m

∂qβ
q̇β +

∂ξα
m

∂t
− q̇α

(
∂ξ0

m

∂qβ
q̇β +

∂ξ0
m

∂t

)]
+

∂L

∂t
ξ0
m + L

(
∂ξ0

m

∂qβ
q̇β+

+
∂ξ0

m

∂t

)
+ Q̃∗

α(ξα
m − q̇αξ0

m) + R0
a(ξ

a
m − q̇aξ0

m)− ∂Λm

∂qβ
q̇β − ∂Λm

∂t
= 0,

(7.18)
and

∂L

∂q̇α

(
∂ξα

m

∂q̇β
− q̇α ∂ξ0

m

∂q̇β

)
+ L

∂ξ0
m

∂q̇β
− ∂Λm

∂q̇β
= 0. (7.19)

If R0
adqa is a total differential of some function, by comparing the

condition (7.7) with (7.12) we conclude that the latter relation (7.12)
differs from the previous one only by L instead of L and by absence of
the term R0

a(∆qa−q̇a∆t). Thus, for example, the basic Noether’s identity,
instead of (7.17) in this case will have the form

∂L
∂qα

ξα
m +

∂L
∂q̇α

ξ̇α
m +

(
L − ∂L

∂q̇α
q̇α

)
ξ̇0
m +

∂L
∂t

ξ0
m + Q̃∗

α(ξα
m− q̇αξ0

m)− Λ̇m = 0.

(7.20)
These equations (7.18) and (7.19) are the corresponding generalized

Killing’s equations for the functions ξα
m and ξ0

m, which differ from the
corresponding ones in the usual Lagrangian formulation (see Vujanović
and Jones, [7], p. 118–121) only by the specific term R0

a(ξ
a
m − q̇aξ0

m),
and their meaning consists in the following. If there exists at least one
particular solution of this system of equations, the condition for the exis-
tence of integrals of motion (7.7) will be satisfied, implying that for each
such transformation of generalized coordinates and time (7.2), there are
r-mutually independent integrals of motion (7.9). In this way, finding
the integrals of motion is reduced to finding the particular solutions of
this system of equations, what in ceratin cases can give some energy–like
integrals of motion for the nonconservative systems as well.
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Now, we shall demonstrate that from so formulated generalized Noether’s
theorem, we can obtain the cited energy conservation laws. As it is known,
in the usual formulation of mechanics, the energy conservation laws are a
consequence of the homogeneity of time, which, under certain conditions,
implies the invariance of the Lagrangian with respect to the translation
of time. The latter can be demonstrated either directly, or from the
Noether’s theorem (see e.g. Dobronravov, [13], p.156).

Following this idea, for the transformation of the generalized coordi-
nates and time (7.2), here we shall also take the translation of time,

∆t = t− t = const, ∆qα = qα − qα = 0, (7.21)

to which, according to (7.2), the following functions correspond

ξ0
m = 1, ξα

m = 0 (7.22)

If we insert these expressions into the generalized Killing’s equations
(7.18) and (7.19), and take Λm = 0, then, the first equation gives

∂L

∂t
− Q̃∗

αq̇α = 0 (7.23)

and the second one is identically satisfied. Therefore, the Killing’s equa-
tions are satisfied under condition (7.23), which implies that the condition
(7.7) for the existence of the integrals of motion is satisfied as well. The
corresponding integral of motion, according to (7.9) and (7.22) will be

Im =
∂L

∂q̇α
ξα
m +

(
L− ∂L

∂q̇α
q̇α

)
ξ0
m − Λm = L− ∂L

∂q̇α
q̇α

and on the basis of (6.11) we obtain

Im = −
(

∂L

∂q̇α
q̇α − L

)
= −(T + U) = const (7.24)

If R0
adq0 is a total differential of some function, according to (7.13) we

have

I ′m =
∂L
∂q̇α

ξα
m +

(
L − ∂L

∂q̇α
q̇α

)
ξ0
m − Λm = L − ∂L

∂q̇α
q̇α



70 Djordje Mušicki

and the corresponding integral of motion by using (6.10) will be

I ′m = −
(

∂L
∂q̇α

q̇α − L
)

= −(T + U + P ) = const, (7.25)

These results coincide with the energy conservation law (6.11) and
(6.10), what confirms the correctness of this method for obtaining the
energy integrals in this formulation of mechanics.

8 Connection with the vector formulation

of mechanics

Let us examine how these energy change laws refer to the corresponding
laws in the standard vector formulation of mechanics. In this aim, suppose
that all the potential active forces are the usual ones ( ~Fν = − ∂U

∂~rν
) and

start from the kinetic energy law in the vector form

dT = ~Fν · d~rν + ~Rν · d~rν = ~F pot
ν · d~rν + ~F ∗

ν · d~rν + ~Rid
ν · d~rν + ~R∗

ν · d~rν , (8.1)

where the active forces are decomposed into the potential and nonpoten-
tial ones, and the forces of constraints into the ideal and nonideal ones.
Because of the cited assumption, the first term can be transformed in the
following way

~F pot
ν · d~rν = −∂U

∂~rν

· d~rν = −dU +
∂U

∂t
dt (8.2)

If we put qa = t, then, after introducing the notation (5.4), the sum
of the second and the fourth term can be presented as

(
~F ∗

ν + ~R∗
ν

)
· d~rν =

(
~F ∗

ν + ~R∗
ν

)
·
(

∂~rν

∂qi
dqi +

∂~rν

∂t
dt

)
=

=
(

~F ∗
ν + ~R∗

ν

)
· ∂~rν

∂qa
dqα = (Q∗

α + R∗
α)dqα

(8.3)

The third term, the elementary work of the ideal forces of constraints
along the arbitrary possible displacements of particles, can be transformed



A contribution to the theory of the extended Lagrangian... 71

starting from the fact that these possible displacements are bounded by
the following conditions

∂fµ

∂~rν

· d~rν +
∂fµ

∂t
dt = 0 (µ = 1, 2, . . . , k), (8.4)

which are obtained by differentiating the constraints (2.1). Then, the

work of the ideal forces of constraints, defined by ~Rid
ν = λµ

∂fµ

∂~rν
, can be

presented in the form

~Rid
ν · d~rν = λµ

∂fµ

∂~rν

· d~rν = −λµ
∂fµ

∂t
dt,

in which, according to (4.3), the coefficient next to dt, expressed in ter-
minology of this formalism, represents the quantity R0

a for τ = qa = t,

~Rid
ν · d~rν = R0

(τ=t)dt (8.5)

Then the kinetic energy law (8.1), divided by dt gives the energy
change law

dE
dt

=
d

dt
(T + U) =

∂U

∂t
+ Q̃∗

α · q̇α + R0
a(τa=t), (8.6)

where Q̃∗
α is given by (5.4).

If R0dt can be presented as a total differential of some function, the
term R0

(τ=t)dt in (8.5) according to (6.5), can be interpreted as the nega-
tive value of the quantity P for qa = t, i.e.

~Rid
ν · d~rν = R0

(qa=t)dt = −dP(qa=t) (8.7)

By inserting these expressions into the kinetic energy law (8.1), we
obtain

dT = −dU +
∂U

∂t
dt + (Q∗

α + R∗
α)dqα − dP(qa=t),

which, after grouping the similar terms, and dividing by dt, can be pre-
sented in the form

dEext

dt
=

d

dt
[T + U + P(qa=t)] =

∂U

∂t
+ Q̃∗

αq̇α (8.8)
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The analogous results can be obtained from the equations with mul-
tipliers, which in the general case have the form

mν
dvk

dt
= ~F pot

ν + λµ
∂fµ

∂~rν

+ ~F ∗
ν + ~R∗

ν (ν = 1, 2, . . . , N) (8.9)

If we multiply this equation by d~rν = ~vνdt and sum over the repeated
index, we obtain

mν~vν ·d~vν = d

(
1

2
mν~v

2
ν

)
= ~F pot ·d~rν +λµ

∂fµ

∂~rν

·d~rν +(~F ∗
ν + ~R∗

ν)·d~rν (8.10)

With the same supposition about the potential forces, the first term
on the right-hand side can be written in the form (8.2), and the second
one represents the elementary work of the ideal forces of constraints and
is presented by (8.5).

Then the relation (8.10), by grouping the similar terms and divided
by dt, gives the energy change law in the form

dE
dt

=
d

dt

(
1

2
mν~v

2
ν + U

)
=

∂U

∂t
+ (~F ∗

ν + ~R∗
ν) · ~vν + R0

(qa=t) (8.11)

If R0dt is a total differential of some function, in a similar way, putting
R0dt = −dP(τ=t) in the previous relation, we obtain

dEext

dt
=

d

dt

(
1

2
mν~v

2
ν + U + P(τa=t)

)
=

∂U

∂t
+ (~F ∗

ν + ~R∗
ν) · ~vν (8.12)

These results are equivalent with the previous ones (8.6) and (8.7), but
the previous results are expressed in the extended generalized coordinates
as in this formulation of mechanics, and the latter ones in the initial vector
form.

If we compare these energy change laws with the corresponding laws
(6.7) and (6.6) in this formulation of mechanics, bearing in mind that
here the explicit dependence of the Lagrangian on time arises only from
such dependence of the active forces, so that ∂L/∂t = ∂L/dt = −∂U/∂t,
we come to the following conclusion:

The energy change laws, which is obtained in the vector formulation
of mechanics and expressed in terms of here introduced quantities, are
completely equivalent to the corresponding laws in this formulation of
mechanics. This confirms the correctness of this extended Lagrangian
formalism, demonstrates its importance, and its advantage with respect
to the usual Lagrangian formulation.
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9 An example

Consider the motion of a linear harmonious oscillator with the attraction
center in the point A0 (Fig.5), moving along the straight line on an in-
clined plane, in a damping medium with a resistance force proportional
to the velocity of this oscillator. Further, assume that this inclined plane
moves along a horizontal axis according to the given law xA = xA(t) and
choose it to be x-axis, with the origin in the point in which the pole A
was in the instant t = 0. Then, since in any instant it is necessary that

z
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q =x t0 A( )
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rA0 }® er

®
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Figure 5: Damped linear oscillator on a moving inclined plane

tan α =
y

xA(t)− x
,

this motion is restricted by the nonstationary holonomic constraints

f1(~r, t) ≡ [xA(t)− x] sin α− y cos α = 0,

f2(~r, t) ≡ z = 0.
(9.1)

This motion has only one degree of freedom and the position of the os-
cilator can be determined by the generalized coordinate q1 = ρ, presented
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in the figure. As an additional generalized coordinate here must be taken
the quantity τ = xA(t), since it is the quantity, suggested by the form of
the constraint (9.1), which changes according to the law τ = xA(t). So,
in this case the complete extended set of generalized coordinates will be

qα = {q1 = ρ, qa ≡ q0 = xA(t)} (9.2)

The relations between the coordinates (x, y, z) and (ρ, q0) are

x = q0 − ρ cos α, y = ρ sin α, z = 0 (9.3)

and the position vector of the point M can be presented as

~r = q0~ex + ρ~eρ, (9.4)

where ~ex and ~eρ are the orts of x-axis and ρ-axis respectively.
The kinetic energy of this oscillator, according to (9.2) is

T =
1

2
m(ẋ2 + ẏ2) =

1

2
m

[
(q̇0 − ρ̇ cos α)2 + (ρ̇ sin α)2

]
=

=
1

2
m(ρ̇2 − 2ρ̇q̇0 cos α + q̇2

0)
(9.5)

and since its potential energy, arising from the attraction force ~F ∗ =
−kρ′~eρ is U = 1

2
kρ′2 where ρ′ = ρ − ρ0, the Lagrangian of this linear

oscillator will be

L = T − U =
1

2
m(ρ̇2 − 2ρ̇q̇0 cos α + q̇2

0)−
1

2
k(ρ− ρ0)

2 (9.6)

The generalized forces which correspond to the reststence force ~F ∗ =
−βρ̇~eρ, according to their general definition and (9.4) are

Q∗
ρ = ~F ∗ · ∂~r

∂ρ
= −βρ̇(~eρ · ~eρ) = −βρ̇

Q∗
q0

= ~F ∗ · ∂~r

∂q0

= −βρ̇(~eρ · ~ex) = βρ̇ cos α

(9.7)

Then the corresponding extended set of the Lagrangian equations
(5.7) for ρ and q0 in this case obtains the form

d

dt
(mρ̇−mq̇0 cos α) + k(ρ− ρ0) = −βρ̇

d

dt
(mq̇0 −mρ̇ cos α) = βρ̇ cos α + R0

(9.8)
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In order to examine whether the rheonomic potential exists, for which
it is necessary that R0dq0 can be presented as a total differential of some
function, let us express it using the second Lagrangian equation (9.8)

R0dq0 = q̇0R0dt = q̇0d(mq̇0 −mρ̇ cos α− βρ cos α) (9.9)

From this relation we can conclude that this case will occurs only
if q̇0 = const ≡ V , i.e. q0 = V t. The quantity R0 can be found by
elimination of the variable q0 from these Lagrangian equations, resolving
the first equation with respect to d

dt
(mρ̇) and inserting it in the second

one,

mq̈0 − cos α[mq̈0 cos α− k(ρ− ρ0)− βρ̇] = βρ̇ cos α + R0,

from which it follows

R0 = k cos α(ρ− ρ0) + mq̈0 sin2 α (9.10)

If q0 = V t, the last term disappears, and we obtain the rheonomic
potential, according to (5.10), in the form

P = −
∫

R0dq0 = −k cos α(ρ− ρ0)q0, (9.11)

since in this process of integration all the variables except q0 must be
treated as the constants, in accordance with the relation ∂P/∂q0 = −R0.
Therefore, the rheonomic potential in this example exists only in the case
q0 = V t, and then it is given by the expression (9.11) and in the following
we shall suppose that always q0 = V t.

The motion of this linear oscillator is determined by the first Lagan-
gian equation (9.8), which has the same form as in the usual Lagrangian
formulation

d2ρ

dt2
+

β

m

dρ

dt
+

k

m
(ρ− ρ0) = q̈0 cos α

and in the case q0 = V t, this differential equation is reduced to the
equation with constant coefficients and can be written as

d2ρ′

dt2
+ 2µ

dρ′

dt
+ ω2ρ′ = 0 (ρ′ = ρ− ρ0), (9.12)
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where

2µ =
β

m
, ω2 =

k

m
(9.13)

As it is known, the solution of this equation depends on the roots of
the characteristics equation and there are three cases (see e.g. Landau
and Lipschitz (1973, p.97-99).

1. If µ < ω, the solution represents the amortized oscillations

ρ′ = Ae−µt sin(ω′t + α), ω′ =
√

ω2 − µ2 (9.14)

2. If µ > ω, the solution represents the aperiodic motion

ρ′ = C1e
−mt + C2e

−nt (m,n > 0) (9.15)

3. If µ = ω, the solution represents the asymptotic motion

ρ′ = e−µt(C1t + C2), (9.16)

In order to examine whether some of the energy conservation laws is
valid in this example, let us consider the conditions under which these laws
(6.10) and (6.11) are valid. In this case the effect of the nonconservative,
resistence force, according to (9.7) is

Q̃∗
αq̇α = Q∗

ρρ̇ + Q∗
q0

q̇0 = −βρ̇(ρ̇− cos q̇0) (9.17)

and in the general case it is different from zero, as well as the characteristic
term R0

aq̇
a. Therefore the necessary conditions for the validity of these

laws are not satisfied, and none of these two energy conservation laws
here is valid.

However, we shall demonstrate that in the considered case q0 = V t,
when R0

adqa is a total differential of some function, there exists an energy–
like conservation law, which can be obtained by the method of Vujanović
(1989), adapted for this formulation of mechanics. We shall realize this
procedure with some modifications in two stages: a) the transition to an
equivalent quasiconservative system, which corresponds to the case as if
the nonconservative force ~F ∗ is formally absent, and b) the finding of a
particular solution of the basic Noether’s identity i.e. of the corresponding
generalized Killing’s equations.
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In this aim, let us start from the corresponding Lagrangian equations
(5.11)

d

dt

∂L
∂q̇α

− ∂L
∂qα

= Q̃∗
α (α = 1, 2, . . . , n + A) (9.18)

and seek such new Lagrangian

L(qα, q̇α, t) = f(t)L(qα, q̇α, t) (9.19)

that the Lagrangian equations (9.18) will be transformed to the Euler-
Lagrange’s equations

d

dt

∂L
∂q̇α

− ∂L
∂qα

= 0 (α = 1, 2, . . . , n + A) (9.20)

In this way an equivalent quasiconservative system will be defined,
corresponding formally to Q∗ = 0 (the absence of this term on the right-
hand side of above equation). If we insert the expression (9.19) in the
equation (9.20) we get

∂L
∂q̇α

df

dt
+ f

(
d

dt

∂L
∂q̇α

− ∂L
∂qα

)
= 0

and substitute the variational derivative by the corresponding expression
from the Lagrangian equation (9.21), the above equations passes to

∂L
∂q̇α

df

dt
+ Q̃∗

α · f = 0 (α = 1, 2, . . . , n + A) (9.21)

These equations determine the function f , and in this example we
have two equations, for ρ and q0, which have the form

(mρ̇−mq̇0 cos α)
df

dt
− 2µmρ̇f = 0

(mq̇0 −mρ̇ cos α)
df

dt
+ 2µmρ̇ cos αḟ = 0

(9.22)

By elimination of q0, adding the first equation to the second one mul-
tiplied by cos α, we obtain the following equation and its solution

df

dt
+ 2µf = 0 ⇒ f(t) = e2µt(C = 1) (9.23)
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Then,according to (9.19), (5.12) and (9.11), the new Lagrangian will
be

L(qα, q̇α, t) = e2µtL(qα, q̇α, t) = e2µt

[
1

2
m(ρ̇2 − 2ρ̇q̇0 cos α + q̇2

0)−

−1

2
k(ρ− ρ0)

2 + k cos α(ρ− ρ0)q0

]
,

(9.24)

where the influence of the resistence force is included in the exponential
factor.

In order to find a particular solution of the basic Noether’s identity,
let us start from this relation in the form (7.20), apply it to this quasi-
conservative system (Q∗

α = 0) and choose the generates of transformation
ξ0
m, ξ1

m and ξ2
m in the following form

ξ0
m = 0, ξ1

m = F (qα, q̇α, t), ξ2
m = λF (qα, q̇α, t) (9.25)

If we insert these expressions in (7.20), and put Q̃∗
α = 0, we get

F

(
∂L
∂ρ

+ λ
∂L
∂q0

)
+ Ḟ

(
∂L
∂ρ̇

+ λ
∂L
∂q̇0

)
− Λ̇m = 0 (9.26)

and this relation, after inserting these partial derivatives and multypling
it by e−2µt, obtains the form

Fk[(ρ− ρ0)(λ cos α− 1) + q0 cos α]+

+ Ḟm [−ρ̇(λ cos α− 1)− q̇0(cos α− λ)]− Λ̇me−2µt = 0
(9.27)

Here is suitable to introduce a quantity, similar to the coefficient next
to Fk, which connects the variables ρ − ρ0 and q0, so that its negative
time derivative is equal to the coefficient next to Ḟm. In order to realize
this aim, it is necessary to take λ = 0, whose immediate consequence is
that the generator of transformation ξ2

m, according to (9.25) is equal to
zero.

λ = 0 ⇒ ξ2
m = λF = 0, (9.28)

and the relation (9.27) is then simplified to

Fk [−(ρ− ρ0) + q0 cos α] + Ḟm(ρ̇− q̇0 cos α)− Λ̇me−2µt = 0 (9.29)
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The form of this relation suggests us the introduction of the following
quantity, which satisfies the cited condition

η = (ρ− ρ0)− q0 cos α, (9.30)

and the previous relation (9.29), can be written as

m(Ḟ η̇ − ω2Fη)· − Λ̇me−2µt = 0, (9.31)

where ω2 is given by (9.13).
Further, following the procedure employed by Vujanović (1989) for

the similar cases, let us choose the function ξ1
m in the form

ξ1
m = F = A(η̇ + µη) (9.32)

and then the previous relation (9.32) becomes

mA
[
(η̇η̈ − ω2ηη̇) + µ(η̇2 − ω2η2)

]− Λ̇me−2µt = 0 (9.33)

This relation determines the gauge function Λm, and after following
transformations

dΛm

dt
= Ame2µt

[
(η̇η̈ − ω2ηη̇) + µ(η̇2 − ω2η2)

]
=

=
Am

2

[
e2µt d

dt
(η̇2 − ω2η2) +

d

dt
(e2µt)(η̇2 − ω2η2)

]

we see that this function Λm has the form

Λm =
Am

2
e2µt(η̇2 − ω2η2) (9.34)

In this way, with so chosen expressions for the generators of transfor-
mation and the gauge function, the basic Noether’s identity is satisfied.
Since this is the condition for existence of the integrals of motion, there
exists a corresponding integral of motion, which is determined by (7.13)

I ′m =
∂L
∂q̇α

ξα
m +

(
L − L

q̇α
q̇α

)
ξa
m − Λm = const (9.35)
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In this case, according to (9.24), (9.25), (9.28), (9.32) and (9.34) we
have

I ′m =
∂L
∂ρ̇

ξ̇1
m − Λm = e2µtm(ρ̇− q̇0 cos α)A(η̇ + µη)− Am

2
e2µt(η̇2−

− ω2η2) = Ame2µt

[
η̇(η̇ + µη)− 1

2
(η̇2 − ω2η2)

]
,

i.e. this energy–like integral of motion has the form

I ′m = Am

(
1

2
η̇2 +

1

2
ω2η2 + µηη̇

)
e2µt = const (9.36)

or explicitely

I ′m = Am

[
1

2
(ρ̇− q̇0 cos α)2 +

1

2
ω2 [[(ρ− ρ0)− q0 cos α]2 +

+µ [(ρ− ρ0)− q0 cos α] (ρ̇− q̇0 cos α)] e2µt = const

(9.37)

Consequently, although in this example none of the energy conserva-
tion laws is valid, there exists an energy–like integral of motion of Vu-
janović’s type in the form (9.36), from which we see that in this formula-
tion of mechanics also the integrals of motion of this type exist.

10 General conclusion

1. The main characteristic of this extended Lagrangian formalism is
that extended generalized coordinates qα (α = 1, 2, . . . , n + A) de-
termine the position of the considered mechanical system with re-
spect to an inertial frame of reference, which is the same to which
all the dynamical quantities as well as the energy laws refer. This
makes the extended Lagrangian formalism essentially different from
the standard Lagrangian formulation, but, because of this property,
more preferable with respect to the usual Lagrangian formulation.

2. In this formalism, the position of the mechanical system is deter-
mined completely by the extended set of generalized coordinates.
Because of this fact, it was necessary to introduce an extended no-
tion of the variation, where the additional generalized coordinates
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qa = ϕa(t) must be varied as well. Based on this extended notion of
variation, main results of this extended Lagrangian formalism were
presented, and the generalized Noether’s theorem extended to this
formulation of mechanics which enables us to obtain the energy–like
conservation laws for the nonconservative systems as well.

3. The obtained energy change laws and the corresponding conserva-
tion laws differ essentially from those ones in the usual Lagrangian
formulation. However, they are in full accordance with the corre-
sponding laws in the vector formulation of mechanics, expressed in
terms of quantities introduced in this extended Lagrangian formal-
ism. Due to the cited essential characteristic, these energy laws
are more general and more natural than the corresponding ones in
the standard Lagrangian formulation, including the influence of the
nonstationary constraints on the energy relations as will.
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Doprinos teoriji proširenog Lagranževog formalizma za
reonomne mehaničke sisteme

U ovom radu formulisana je i detaljno analizirana generalizacija pojma
varijacije u proširenom Lagranžovom formalizumu za reonomne sisteme
(Dj. Mušicki, 2004). Na toj osnovi sistematski je prikazana ova formu-
lacija mehanike, sa doslednim korǐsćenjem ovog pojma. Sam prošireni
Lagranžev formalizam zasniva se na proširenju skupa izabranih general-
isanih koordinata novim veličinama, koje odredjujuju položaj pridruženog
sistema referencija, u odnosu na koji se odnose ove generalisane koordi-
nate.

Iz ovog razloga ove uvedene veličine takodje moraju biti varirane,
što predstavlja prošireni pojam varijacije u ovom slučaju. U tako for-
mulisanom proširenom Lagranževom formalizmu, formulisani su odgo-
varajući Dalamber-Lagranžev princip i Lagranževe jednačine koje iz njega
proizilaze i prikazani su odgovarajući energijski zakoni kao i Neterina teo-
rema prilagodjena ovoj formulaciji mehanike. Pokazano je da su tako do-
bijeni energijski zakoni logički konzistentniji, opštiji i prirodniji od odgo-
varajućih zakona u standardnoj Lagranževoj formulaciji za reonomne sis-
teme, a u potpunoj saglasnosti sa odgovarajućim energijskim zakonima
u vektorskoj formulaciji mehanike ako se oni izraze pomoću veličina uve-
denih u proširenom Lagranževom formalizmu.
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