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PREFACE

The proceedings contains the papers presented at the Third (28" Yu) International Congress
of Serbian Society of Mechanics held in Vlasina lake during the period 5™ -8™ July, 2011.
Theoretical and Applied Mechanics is a subject of great importance in the developing of
science and technology. The aim of the Congress is to provide a forum to exhibit the
progress in this field during the past two years and a place to further the interaction of
modern theoretical and applied mechanics, as well as modern engineering sciences.

The papers, contributed by authors from all around the globe, have been separated into 7
sections which cover the main areas of the interest, e. g. "Plenary lectures’, Section A,
Section B, Section C, Section D and two Mini-symposia.

We would here like to express our heartfelt thanks to all members of the Scientific
Committee and also to the participants for their engagement in organizing of the Congress,
including the preparation of manuscripts which will be published in the Journal Theoretical
and Applied Mechanics and Scientific Technical Review.

Last, but by no means least, the Congress organizing committee wishes to acknowledge the
collaboration of the Ministry of Education and Science — Government of the Republic of
Serbia, Municipatily Surdulica and Many Supporting members of the Serbian Society of
Mechanics listed in the proceedings.

Stevan Maksimovi¢ & Tomislav Igi¢

Chairmen of Organizing Committee
July, 2011.
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Abstract. A thorough investigation of the failure mechanisms of composite sandwich beams
under four- and three-point bending and cantilever beams was undertaken. The beams were
made of unidirectional carbon/epoxy (AS4/3501-6) facings and a PVC closed-cell foam
(Divinycell) core. Two types of core material HI00 and H250 with densities 100 and 250
kg/m’, respectively, were used. Sandwich beams were loaded under bending moment and
shear and failure modes were observed and compared with analytical predictions. The
failure modes investigated are face sheet compressive failure, core failure, facing wrinkling
and face sheet debonding. The various modes have been studied separately and both
initiation and ultimate failure have been determined. Initiation of a particular failure mode
and triggering and interaction with other failure modes was also investigated. The initiation
of the various failure modes depends on the material properties of the constituents (facings,
adhesive, core), geometric dimensions and type of loading. Failure modes were discussed
according to the type of loading applied. In sandwich columns under compression, or beams
in pure bending, compressive failure of the skins takes place if the core is sufficiently stiff in
the through-the-thickness direction. Otherwise, facing wrinkling takes place. In the case of
beams subjected to bending and shear the type of failure initiation depends on the relative
magnitude of the shear component. When the shear component is low (long beams), facing
wrinkling occurs first while the core is still in the linear elastic range. When the shear
component is relatively high (e.g., short beams), core shear failure takes place first and is
followed by compression facing wrinkling.

1. Introduction

Sandwich construction is of particular interest and widely used, because the concept is very
suitable and amenable to the development of lightweight structures with high in-plane and
flexural stiffness. Sandwich panels consist typically of two thin face sheets (or facings, or
skins) and a lightweight thicker core. Commonly used materials for facings are composite
laminates and metals, while cores are made of metallic and non-metallic honeycombs,
cellular foams, balsa wood and trusses. The facings carry almost all of the bending and in-
plane loads and the core helps to stabilize the facings and defines the flexural stiffness and
out-of-plane shear and compressive behavior.

The overall performance of sandwich structures depends on the material properties of the
constituents (facings, adhesive and core), geometric dimensions and type of loading.
Sandwich beams under general bending, shear and in-plane loading display various failure
modes. Failure modes and their initiation can be predicted by conducting a thorough stress
analysis and applying appropriate failure criteria in the critical regions of the beam
including three-dimensional effects. This analysis is difficult because of the nonlinear and
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inelastic behavior of the constituent materials and the complex interactions of failure
modes. For this reason, properly designed and carefully conducted experiments are
important in elucidating the physical phenomena and helping the analysis.

Possible failure modes include tensile or compressive failure of the facings, debonding at
the core/facing interface, indentation failure under concentrated loads, core failure,
wrinkling of the compression face and global buckling. Following initiation of a particular
failure mode, this mode may trigger and interact with other modes and final failure may
follow another failure path. A substantial amount of work has been reported on failure of
sandwich panels [1-4]. Recently, the authors and coworkers have performed a thorough
investigation of the failure behavior of sandwich beams with facings made of carbon/epoxy
composite material [5-15]. The various modes have been studied separately and both
initiation and ultimate failure have been determined.

In the present work, failure modes were investigated experimentally in axially loaded
composite sandwich columns, sandwich beams under four-point and three-point bending
and end-loaded cantilever beams. Failure modes observed and studied include face sheet
compressive failure, face sheet debonding, core failure and face sheet wrinkling.

2. Characterization of constituent materials

The sandwich beam facings were unidirectional carbon/epoxy plates (AS4/3501-6),
fabricated separately by autoclave molding. Uniaxial tensile and compressive tests were
conducted primarily in the longitudinal direction in order to obtain the relevant constitutive
behavior of the facing material. The compressive tests were performed using a new fixture
developed at Northwestern University [16]. The concept of the fixture is to transmit the
initial part of the load through the tabs by shear loading and thereafter engage the ends to
apply the additional load to failure by end loading. The longitudinal tensile and
compressive stress-strain behavior for the AS4/3501-6 carbon/epoxy is shown in Fig. 1,
where it is seen that the material exhibits a characteristic stiffening nonlinearity in tension
and softening nonlinearity in compression.

Three core materials were investigated. One of them was aluminum honeycomb (PAMG
8.1-3/16 001-P-5052, Plascore Co.). The other core materials investigated were two types
of PVC closed-cell foam, Divinycell H100 and H250, with densities of 100 and 250 kg/m’,
respectively. The aluminum honeycomb material is highly anisotropic with much higher
stiffness and strength in the through-the-thickness direction (cell direction) than in the in-
plane directions. The three principal moduli E;, E, and E; (along the cell axis) were
obtained by means of four-point bending, three-point bending and pure compression tests
[17]. The span length of the bending specimens was 20.3 cm. The distance between the
loads in the four-point bending tests was 10.2 cm. The specimens had a cross section of
2.54 x 2.54 cm. The out-of-plane shear modulus G, was obtained by means of a rail shear
test. The lower density foam core material, Divinycell H100, exhibits nearly isotropic
behavior. The higher density foam, Divinycell H250, exhibits pronounced axisymmetric
anisotropy with much higher stiffness and strength in the cell direction (3-direction).

To determine the in-plane stress-strain behavior of the materials in compression, prismatic
specimens of dimensions 25.4 x 25.4 x 76.2 mm were tested quasi-statically in an Instron
servo-hydraulic testing system. Both longitudinal and transverse strains were measured
with extensometers. The longitudinal strains were monitored on opposite sides of the
specimen to insure that there was no bending effect during loading. The tests were
terminated after the load dropped and remained almost constant following a peak value.
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For the through-the-thickness stress-strain behavior of the materials in compression,
specimens of the same dimensions as for the in-plane direction were used. The specimens
were made by bonding together three cubes of the material of 25.4 mm side along the
thickness direction. The cubes were bonded using a commercially available epoxy adhesive
(Hysol EA 9430). The specimens used for tension tests along the in-plane direction had
dimensions 6.4 x 25 x 200 mm. The specimens were tabbed with 100 mm long glass/epoxy
tabs which were bonded over a length of 50 mm at the specimen ends with epoxy adhesive
(Hysol 907). The space between the extended parts of the tabs was filled in with high
modulus epoxy filler (Hysol EA 9430).

For the tension tests in the through-the-thickness direction, prismatic specimens of
dimensions 13 x 25 x 200 mm were made by assembling and bonding together fifteen
triangular prismatic pieces of the material. The specimens were tabbed with glass/epoxy
tabs as described before for the in-plane tension tests. Both types of specimens were
gripped over the extended and filled portion of the tabs to avoid crushing of the foam. They
were loaded quasi-statically to failure in a servo-hydraulic testing machine (Instron).
Strains were measured with an extensometer attached to the specimen.

Fig. 2 shows stress-strain curves for this material under uniaxial tension and compression
along the in-plane (1) and through-the-thickness (3) directions. The material displays
different behavior in tension and compression with tensile strengths much higher than
corresponding compressive strengths. The uniaxial stress-strain behavior in tension is
nonlinear elastic without any identifiable yield region. In uniaxial compression the material
is nearly elastic-perfectly plastic in the initial stage of yielding.
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Figure 1. Stress-strain curves in tension (exhibiting hardening nonlinearity) and compression (exhibiting softening
nonlinearity) of carbon/epoxy facings (AS4/3501-6)
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Figure 2: Stress-strain curves of PVC foam (Divinycell H250)

The shear stress-strain behavior on the 1-3 plane was determined by the Arcan test and is
shown in Fig. 3. The shear behavior is also nearly elastic - perfectly plastic. Some

characteristic properties of the sandwich constituent materials investigated are tabulated in
Table 1.
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Figure 3: Shear stress-strain curve of PVC foam (Divinycell H250)
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A common failure mode in sandwich construction is the so-called "core shear failure," in
which the core fails when the shear stress reaches its critical value. However, although the
shear stress is usually the dominant one in the core, there are situations in which the normal
stresses in the core are of comparable magnitude or even higher than the shear stresses.
Under such circumstances a material element in the core may be subjected to a multi-axial
state of stress. Therefore, proper design of sandwich structures requires failure
characterization of the core material under combined stresses.

The higher density foam (Divinycell H250) core was fully characterized under multiaxial
states of stress in the 1-3 plane [18]. A number of tests were conducted to define a failure
surface for the material. Experimental results conformed well with the Tsai-Wu failure
criterion for anisotropic materials as shown in Fig. 4. The Tsai-Wu criterion for a general
two-dimensional state of stress on the 1-3 plane is expressed as follows

f 0, +f;05 +f,, 67 + f3303 +2f,36, 03 + f55 12 =1 (1)

1

1 1/2
fi; = , T3 = , f13:—5(f11f33) ss=—

5

F,F.,Fs, Fs, = tensile and compressive strengths in the in-plane (1, 2) and out-of-

plane (3) directions
Fs= shear strength on the 1-3 plane

Setting 75 = k F'5, Eq. (1) is rewritten as

fio, +f;04 +f11012+f336§+2f130103 =1-K> 2)

The failure surface described by the Tsai-Wu criterion is an ellipsoid in the 1,053,735 (7:5)
space displaced toward the tension-tension quadrant. It is seen that the material can sustain
shear stresses T3 (r5) up to 17% higher than the pure shear strength (Fs). The most critical

region for the material is the compression-compression quadrant. The most critical
combination is compression and shear.
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Table 1: Properties of constituent materials

Facing g(());eycob ilti/II;ZSive g(())?gl g(())?gl
(H100) (H250)

Density, p, kg/m3 1,620 129 1,180 100 250
Thickness, h, mm 1.01 254 0.05 254 254
Longitudinal Modulus, E;, MPa 147,000 8.3 1,700 120 228
Transverse Modulus, E;, MPa 10,350 2,415 139 403
Transverse Shear Modulus, G3, MPa 7,600 580 110 48 117
Longitudinal Compressive Strength, F,., MPa 1,930 0.2 1.7 4.5

Transverse Compressive Strength, F5., MPa 240 11.8 1.9 6.3

Transverse Shear Strength, F;;, MPa 71 3.5 33 1.6 5.0

3. Experimental procedure

The honeycomb core was 2.54 cm wide and was machined from a 2.54 cm thick sheet
along the stiffer in-plane direction. The 2.54 cm wide composite facings were machined
from unidirectional plates, bonded to the top and bottom faces of the honeycomb core with
FM73 M film adhesive and the assembly was cured under pressure in an oven following the
recommended curing cycle for the adhesive. Sandwich beams were also prepared by
bonding composite facings to foam cores of 2.54 x 2.54 cm cross section using an epoxy
adhesive (Hysol EA 9430) [17]. The adhesive was cured at room temperature by subjecting
the sandwich beam to vacuum. The cured adhesive layer was 0.13 mm thick.

Special fixtures were fabricated for beams subjected to three-point and four-point bending
and for end-loaded cantilever beams. In studying the effects of pure bending special
reinforcement was provided for the core at the outer sections of the beam to prevent
premature core failures. Also, under three-point bending, the faces directly under
concentrated loads were reinforced with additional layers of carbon/epoxy to suppress and
prevent indentation failure. Only in the case when the indentation failure mode was studied
there was no face reinforcement.
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Figure 4. Failure envelopes predicted by the Tsai-Wu failure criterion for PVC foam (Divinycell H250) for k = 0,
0.8 and 1, and Experimental results (k = 1,;/F ;= 14/F;)

Strains on the outer and inner (interface between facing and core) surfaces of the facings
were recorded with strain gages. Beam deflections were measured with a displaceent
transducer (LVDT) and by monitoring the crosshead motion. The deflection was also
monitored with a coarse moiré¢ grating (31 lines/cm). Longitudinal and transverse strains in
the core were measured with finer moiré gratings of 118 lines/cm and 200 lines/cm.

The deformation of the core was also monitored with birefringent coatings using reflection
photoelasticity. Coatings, 0.5 mm and 1 mm thick, were used (PS-4D coatings,
Measurements Group). The coating is bonded to the surface of the core with a reflective
cement to insure light reflection at the interface. A still camera and a digital camcorder
were used to record moiré and isochromatic fringe patterns. The fringe order of this pattern
is related to the difference of principal strains as follows:

3

where N is the fringe order, A is the wavelength of the illuminating light, h is the coating
thickness and K is a calibration constant for the coating material. Superscripts s and c
denote specimen and coating, respectively. The reinforcement effect of the birefringent
coatings was neglected.
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4. Failure modes

4.1. Sandwich Columns under Axial Compression

Possible failure modes in a sandwich column under axial compression include facing
compressive failure, facing wrinkling, global buckling and core shear instability. Core
compressive failure is unlikely because of its low stiffness and high ultimate (yield) strain.
Because of the much higher stiffness of the facing material, the axial compressive stress in
the facing is given by

o=t @
2bh
where P = applied load, hy = facing thickness, and b = width of column cross section.
Facing compressive failure occurs when
P _F, 6)

Of= =
2bh

where F|. = compressive strength of facing material (here the longitudinal compressive
strength of the composite).

Face wrinkling occurs when the facing stress reaches a critical value. One expression given
by Heath and modified here is [19]:

o :{Mf EqEq )} (©)

¢ 3 h, (1—V13 V3

where h, = core thickness, Ef = longitudinal modulus of the face, E;; = through-the-
thickness modulus of the core, v;; (7, j = 1,3) = Poisson’s ratios of facing material associated
with loading in the i-direction and deformation in the j-direction.

Three sandwich columns with three core materials, aluminum honeycomb, Divinycell H100
and Divinycell H250, were tested in compression. The sandwich columns had a height of
76.2 mm and a cross-sectional area of 25.4 x 25.4 mm. The facing stresses at failure were
measured and compared with predicted critical values by Egs. (5) or (6). Fig. 5 shows
failure patterns of two columns with Divinycell H250 (Fig. 5a) and Divinycell H100 (Fig.
5b) foam cores. In the case of the honeycomb core, the measured failure stress indicates
compressive facing failure according to Eq. (5). This behavior is explained from the high-
out-of-plane stiffness of the honeycomb core, which results in a critical wrinkling stress
predicted by Eq. (6) higher than the compressive strength of the facing. In the case of foam
cores failure occurred by facing wrinkling as predicted by Eq. (6). The measured values
were somewhat lower than predicted due to material imperfections.
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Global buckling depends on end conditions and material properties in a more complex
manner as discussed by Vinson [20]. Core shear instability depends primarily on the shear
modulus of the core and the core and facing thickness [20]. Neither one of these two modes
was observed in the tests conducted.

(a) (b)

Figure 5. Failure of sandwich columns (a) Divinycell H250 core, (b) Divinycell H100 core

4.2. Sandwich Beams under Pure Bending

Under pure bending (or four-point bending) the moment is primarily carried by the much
stiffer facings. For relatively thin facings and relatively low core stiffness, the facing stress
is

M (N

O'f =

where M = applied moment, and b = beam width.
Compressive failure occurs in the facing when

M ®)

O'fE :Ff
bhf‘hf‘f‘hc, ¢
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where Fy. = compressive strength of facing material. This mode of failure occurs in beams
with cores of sufficiently high stiffness in the core direction, such as aluminum honeycomb.
Fig. 6 shows experimental and predicted moment-strain curves for facings of a beam under
four-point bending where the failure mode was compressive failure of the skin as predicted
by Eq. (8).
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Figure 6. Experimental and predicted moment-strain curves for two facings of composite sandwich beam under
four-point bending (dimensions are in cm)

For lower stiffness cores, a more likely failure mode is facing wrinkling as predicted
by the modified Heath expression, Eq. (6). Facing wrinkling failure will occur when the
predicted critical stress by Eq. (6) is less than the compressive strength of the facing
material. The value of core modulus at transition from skin wrinkling to facing compressive
failure is obtained from Eqgs (6) and (8) as

_3 hg 1-v3vy Ffzc 9)

< 2 hf Efl

For values of the core modulus greater than calculated by Eq. (9), failure is governed by the
compressive strength of the facing material. For core moduli lower than calculated above,
facing wrinkling failure takes place and is controlled by the core modulus.

Fig. 7 shows moment-strain curves for two beams with Divinycell H100 foam cores
under four-point bending. Failure in both cases is due to facing wrinkling. The measured
facing stress at failure is relatively close to the predicted critical wrinkling stress by Heath’s
formula, Eq. (6).

11
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Figure 7. Facing wrinkling in sandwich beam under four-point bending (Divinycell H100 foam core, dimensions
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Figure 8. Applied moment versus maximum facing strain for beams of different span length under three-point
bending

4.3. Sandwich Beams under Bending and Shear

Beams under three-point bending and end-loaded cantilever beams are subjected to both
bending moment and shear. It is assumed that the core and facings in the vicinity of the
applied load are locally reinforced to suppress any possible indentation failure. The latter is

12
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the subject of another study [5, 9, 21]. The bending moment is primarily carried by the
facings and the shear by the core. Excluding indentation, possible failure modes include
core shear failure, core failure under combined shear and compression, facing wrinkling
and facing compressive failure.

Sandwich beams with aluminum honeycomb cores under three-point bending failed due to
early shear crimping of the core. The shear force at failure remained nearly constant for
varying span lengths. This means that as the span length increases, the applied maximum
moment and, thereby, the maximum face sheet strains at failure increase (Fig. 8). The
results also indicate that the bending moment is carried almost entirely by the face sheets.
The average shear stress at failure from the three tests represented in Fig. 8 is
¥ =3.59 MPa which compares well with the measured shear strength of the honeycomb

material of F, = 3.59 MPa

Figure 9. Moiré fringe patterns corresponding to horizontal and vertical displacements
in sandwich beam under three-point bending (12 lines/mm, Divinycell H250 core)

The deformation and failure mechanisms in the core were studied experimentally by
means of moiré gratings and birefringent coatings. Fig. 9 shows moiré fringe patterns for
the vertical, w, and horizontal, u, displacements in the core of a sandwich beam with
Divinycell H250 foam core under three-point bending. They were obtained with specimen
gratings of 11.8 lines/mm and a master grating of the same pitch with lines parallel to the
longitudinal and vertical directions. The moir¢ fringe patterns of Fig. 9 corresponding to the
horizontal (u) displacements away from the applied load consist of nearly parallel and
equidistant fringes from which it follows that

=C (10)

13
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where C;is a constant.

Similarly, the moiré fringe patterns corresponding to the vertical (w) displacements away
from the applied load consist of nearly parallel and equidistant fringes from which it
follows that

ow ow
=—"=0, —=C 11
&2 1574 76X 2 ( )
where C, is constant.
From Eqgs (10) and (11) it follows that
ou Oow
= + 2% ~ constant 12
Yu=o T o= (12)

Eq. (12) indicates that the core is under nearly uniform shear strain, and therefore, under
nearly uniform shear stress. Furthermore, Eqs (10) and (11) indicate that the normal strains
& and &, in the core are nearly zero or very small compared to the shear strain. This is in
accordance with the classical bending theory of sandwich beams. The bending moment is
taken mainly by the tensile and compressive facings. This results in high facing normal
stresses with low normal strains due to the high Young’s modulus of the facings. On the
other hand the shearing force is taken mainly by the core, resulting in high core strains due
to the low shear modulus of the core. Thus, the core is under nearly uniform shear stress.
This is true only in the linear range as shown by the isochromatic fringe patterns of the
birefringent coating in Fig. 10. In the nonlinear and plastic region the core begins to yield
and the shear strain becomes highly nonuniform peaking at the center. From fringe patterns
like those of Fig. 10 it was found that the shear deformation starts becoming nonuniform at
an applied load of 3.29 kN which corresponds to an average shear stress of 2.55 MPa. This
is close to the proportional limit of the shear stress-strain curve of Fig. 3. As the load
increases the shear strain in the core becomes nonuniform peaking at the center is
illustrated in Fig. 4.

Core failure is accelerated when compressive and shear stresses are combined. This critical
combination is evident from the failure envelope of Fig. 4. The criticality of the
compression/shear stress biaxiality was tested with a cantilever sandwich beam loaded at
the free end. The cantilever beam was 25.4 cm long. A special fixture was prepared to
provide the end support of the beam. The isochromatic fringe patterns of the birefringent
coating in Fig. 10 show how the peak birefringence moves towards the fixed end of the
beam at the bottom where the compressive strain is the highest and superimposed on the
shear strain.

14
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Figure 10. Isochromatic fringe patterns in birefringent coating of a cantilever sandwich beamunder end load

Plastic deformation of the core, whether due to shear alone or a combination of
compression and shear, degrade the supporting role of the core and precipitate other more
catastrophic failure modes, such as facing wrinkling.

In the present case of beams subjected to bending and shear, compression facing wrinkling
is influenced by the shear as well as the axial stiffnesses of the core in the through-the-
thickness direction. A prediction of the critical facing wrinkling stress for this case was
given by Hoff and Mautner [22].

O = C(Efl Ec3 Gcl3)1/3 (13)

where c is a constant usually taken equal to 0.5. In this relation the core moduli are the
initial elastic moduli if wrinkling occurs while the core is still in the linear elastic range.
This requires that the shear force at the time of wrinkling be low enough or, at least,

V<A,F, (14)

where A, = core cross sectional area
F.s = core shear strength

Sandwich beams with Divinycell H250 foam cores were tested under three-point bending
and as cantilever beams, while monitoring strain on the face sheets, at points of highest
compressive stress. Moment-strain curves for three such beams are shown in Fig. 11. The
maximum moment recorded is an indication of facing wrinkling. For the cantilever beam
and one of the beams loaded in three-point bending, the facing wrinkling obtained from the
experiments are:

15
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o, =910 MPa (cantilever)
G, = 715 MPa (three-point bending)

The calculated value from eq. (11) is

G, = 945 MPa

In the case of the short beam the experimental critical stress at facing wrinkling is c,=500
MPa.

This lower than predicted value is attributed to the fact that the shear loading component is
significant and core failure precedes facing wrinkling. Core failure takes the form of core
yielding, which results in reduced Young’s modulus. This reduces the core support of the
facing and precipitates facing wrinkling at a lower stress. The critical wrinkling stress in
this case could be predicted by a modification of expression (13) as

_ ’ o \/3
O =0.5 (Efl c3 c13) (15)
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Figure 11. Moment-strain curves for beams in three-point bending

where Ei; and Gij3 are the reduced core moduli. The determination of these moduli

would require an exact elastic-plastic stress analysis of the beam.

It is obvious from the above that failure modes, their initiation, sequence and
interaction depend on loading conditions. In the case of beams under three-point bending
this is illustrated by varying the span length. For short spans, core failure occurs first and
then it triggers facing wrinkling. For long spans, facing wrinkling can occur before any core
failure. Core failure initiation can be described by calculating the state of stress in the core
and applying the Tsai-Wu failure criterion. This yields a curve for critical load (at core
failure initiation) versus span length. On the other hand, in the absence of core failure,
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facing wrinkling can be predicted by Eq. (11) and expressed in terms of a critical load as a
function of span length. Fig. 12 shows curves of the critical load versus span length for
initiation of the two failure modes discussed above. Their intersection defines the transition
from core failure initiation to facing wrinkling initiation. For a beam with carbon/epoxy
facings (8-ply unidirectional AS4/3501) and PVC foam core (Divinycell H250) of 2.5 x 2.5
cm cross section, the span length for failure mode transition is L = 35 cm.

Although the results above are at least qualitatively explained by available theory, it is
apparent that better theoretical modeling is needed. The theoretical prediction of facing
wrinkling, Eq. (13), gives equal weight to the three moduli involved and is independent of
facing and core dimensions. A more sound theory should take into consideration the
nonlinear and inelastic biaxial stress-strain behavior of the core material and the
stress/strain redistribution following core yielding.

8000

6000 1

Core Failure

z
= 4000
o
&
Q I r Facing Wrinkling
2000 - e
L 1
0 ‘
0 25 50 75
L (cm)
Figure 12: Critical load versus span length for initiation of core failure and facing wrinkling.
4.4 Facing debonding

Facesheet debonding may develop during fabrication of sandwich panels or may be caused
by external loading such as impact. Debonding reduces the stiffness of the structure and
makes it susceptible to buckling under in-plane compression. Facesheet/core debonding
failures and interfacial cracking have been studied by many investigators over the last two
decades by means of experimental, numerical and analytical methods [23-30]. Debonding
failures are not typically observed in many sandwich beam specimens under usual quasi-
static loading configurations. In the case of foam cores no debonding was observed under
quasi-static loading due to the relatively high interface fracture toughness. Under impact,
delamination failures of the compressive face sheet have been observed, but no interfacial
debonding.

Beams with aluminum honeycomb cores (Fig. 13) showed some premature debonding
failure in some cases due to the very small bonded area of the honeycomb cross section.
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Figure 13. Double cantilever sandwich beam specimen.

The strain energy release rate for interfacial crack growth is given by

il 1] .,
== =+= (K +K 16
int 2|i ] +E2:|( 1 + II) ( )

where E_'sz ; / (I—Vf-) for plane strain, and E_j=E ; for plane stress, and for crack
growth in a monolithic elastic material by

Kt Ky 17

vol

The interfacial crack may propagate along the interface or kink into one of the adjoining
materials. The angle of initial crack propagation, £, is given, according to the maximum
tangential (hoop) stress criterion, by:

0O =2tan"" [VH—S(K“/K‘)Z_l] (18)

4KII/KI

Kinking of the interfacial crack into the core occurs when the following inequality is
satisfied:
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The critical strain energy release rate for the core material in mode I, G, , and the critical

Ler 2
interfacial strain energy release rate, G, (y), as function of mode mixity, are determined
experimentally. They are characteristic parameters of the core and the interface,
respectively. Values of Gy, and Gy, are shown in Table 2. On the other hand, the values
of energy release rate for crack growth in the core and along the interface depend on the
applied loads and the geometry of the sandwich plate, and are determined numerically.

Table 2 Values of Gy, and Gy, for various core materials

: Gher Grer
Materials (I\Ihtnm/mmz) (I\IImm/mmZ)
Divinycell H60 0.28 0.10
Divinycell H80 0.45 0.22
Divinycell H100 0.78 0.30
Divinycell H250 1.55 1.00

We consider a sandwich double cantilever beam (DCB) specimen of length 152.4 mm (6
in) and width 25.4 mm (1 in) loaded by a concentrated load at a distance 25.4 mm (1 in)
from its end (Fig. 13). The beam is made of aluminum 2024 T3 facings of thickness 1 mm
and a PVC foam (Divinycell H) core of thickness 25.4 mm (1 in). The core is bonded to the
facings by of epoxy adhesive of thickness 0.3 mm. Four different PVC core materials, H60,
HS80, H100, and H 250, were studied. An interfacial crack of length 51.1 mm (2 in.) is
introduced between the core and the adhesive at the loaded end of the specimen.
Propagation of the interfacial crack is studied under condition of plane strain.

Figure 14: Initial meshing.

The model of the sandwich DCB specimen is shown in Fig. 14. It is composed of seven
topological regions. Each region is divided into regular and transition sub-regions. Sub-
region boundaries are then subdivided into segments of appropriate number and
proportions, and meshing is done automatically by boundary extrapolation, using Q8 and
T6 elements for regular and transition sub-regions, respectively. The initial model contains
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1501 elements (986 Q8 and 515 T6), of which 282 discretize the upper face, 114 the upper
layer of adhesive, 97 the lower layer of adhesive, 97 the lower facing and 911 the core.

For the prediction of the crack trajectory we use the interface toughness values for normal
adhesion (Table 5). It is obtained that first the interfacial crack kinks into the core and then
curves back toward the interface (Fig. 15). For intermediate values of the distance x from

the crack tip (3 mm< x <30 mm), we obtain the following results:
* the crack after a small depth 4, becomes parallel to the interface (as shown in Fig.
15)
* K. Kyoand K

* G, and G vary linearly with x and are almost independent of the core properties.

int core

vary linearly with the distance x from the crack tip, and

ILint 2 I,core

N
X

AN )

Figure 15. Initial crack path trajectory.

Regarding the sub-interfacial crack propagation into the core we obtain that the crack
becomes parallel to the interface at a constant depth 4, . An explanation of the constant

value of %, and the linear variation of stress intensity factors with the distance from the

crack tip x can be obtained by noting that the debonded part of the specimen (above the
crack) can be considered as a thin cantilever beam (1/b = 25), elastically supported by the
foam core, and subjected to a dominant bending moment varying linearly with x and to a
relatively small (constant) shear force. Thus, the near-tip stress field is linearly proportional
to x and, hence, the crack propagates in a self-similar manner parallel to the interface. The
strain energy release rate can be determined by differentiating the work of the applied load
with respect to the distance from the crack tip and is constant during crack propagation.
Values of %, for various core materials are shown in Table 3.
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The core stiffness appears to be the main factor that influences the value of the asymptotic
depth #_ . Indeed, it can be obtained from Table 3 that the product Ex_ is almost constant

and equal to 60 N/mm for the three PVC foam materials H60, H80 and H250. For H100 it
takes the value 70 N/mm. Thus, the depth 4, is inversely proportional to the modulus of

elasticity of the core material.

Table 3. Values of critical distance /.,

E h, Eh,

(GPa) | (mm) | Vmm
H60 | 0059 | 1.01 | 596
H80 | 0.087 | 0.70 | 60.9

H100 | 0.107 | 0.65 | 696
H250 | 0.308 | 020 | 616

Under such conditions and for a critical applied load, debonding propagates along the
interface only when the adhesion between the interface and the core is weak. Otherwise, the
crack kinks into the core and after a small initial curved path it propagates parallel to the
interface at a depth 4, . The value of %, is inversely proportional to the modulus of

elasticity of the core. This behavior is independent of the core thickness, which is an order
of magnitude larger than the thickness of the facing and the adhesive. Away from boundary
effects (e.g., concentrated loads, beam supports, crack kinking, etc.) both stress intensity
factors and strain energy release rate can be approximated as linear functions of the crack
length.

5. Conclusions

The initiation of the various failure modes in composite sandwich beams depends on the
material properties of the constituents (facings, adhesive, core), geometric dimensions and
type of loading. The appropriate failure criteria should account for the complete state of
stress at a point, including two- and three-dimensional effects. Failure modes were
discussed according to the type of loading applied.

In sandwich columns under compression, or beams in pure bending, compressive failure of
the skins takes place if the core is sufficiently stiff in the through-the-thickness direction.
Otherwise, facing wrinkling takes place, which can be predicted by Heath’s formula.
Experimental results were close to predicted ones.

In the case of beams subjected to bending and shear the type of failure initiation depends on
the relative magnitude of the shear component. When the shear component is low (long
beams), facing wrinkling occurs first while the core is still in the linear elastic range. The
critical stress at wrinkling can be predicted satisfactorily by an expression by Hoff and
Mautner and depends only on the facing and core moduli. When the shear component is
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relatively high (e.g., short beams), core shear failure takes place first and is followed by
compression facing wrinkling. Wrinkling failure follows but at a lower than predicted
critical stress. The predictive expression must be adjusted to account for the reduced core
moduli.
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Abstract

The paper gives an overview of developments of the SPH method. Especial attention is
given to the main shortcomings of the original form of the method naimly consistency,
tensile instability and zero energy modes. An example of derivation of correction necessary
to assure first order consistency is given. The origin of the tensile instability and few
proposed solutions to this problem are described. Similar consideration is given with
respect to the zero energy modes typical for the collocational SPH method.

Introduction

This paper discusses the development of the Smooth Particle Hydrodynamics (SPH)
method in its original form based on updated Lagrangian formalism. SPH is a relatively
new numerical technique for the approximate integration of partial differential equations. It
is a meshless Lagrangian method that uses a pseudo-particle interpolation method to
compute smooth field variables. Each pseudo-particle has a mass, Lagrangian position,
Lagrangian velocity, and internal energy; other quantities are derived by interpolation or
from constitutive relations.

The advantage of the meshless approach is its ability to solve problems that cannot be
effectively solved using other numerical techniques. It does not suffer from the mesh
distortion problems that limit Lagrangian approaches based on structured mesh when
simulating large deformations. As it is a Lagrangian method it naturally tracks material
history information, such as damage, without the diffusion that occurs in Eulerian
approaches due to advection.

Gingold and Lucy initially developed SPH in 1977 for the simulation of astrophysics
problems. Their breakthrough was a method for the calculation of derivatives that did not
require a structured computational mesh. Review papers by Benz and Monaghan (1982)
cover the early development of SPH. Libersky and Petchek (1990) extended SPH to work
with the full stress tensor in 2D. This addition allowed SPH to be used in problems where
material strength is important. The development SPH with strength of materials continued
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with extension to 3D Libersky (1993), and the linking of SPH with existing finite element
codes Attaway, Johnson (1994).

The introduction of material strength highlighted shortcomings in the basic method:
accuracy, tensile instability, zero energy modes and artificial viscosity. These shortcomings
were identified in a first comprehensive analysis of the SPH method by Swegle, Wen. The
problems of consistency and accuracy of the SPH method, identified by Belytschko (1996),
were addressed by Randles and Libersky (1996) and Vignjevic and Campbell (2000). This
resulted in a normalised first order consistent version of the SPH method with improved
accuracy. The attempts to ensure first order consistency in SPH led to the development of a
number of variants of the SPH method, such as Element Free Galerkin Mehod (EFGM)
Belytschko (1994), Kongauz (1997), Reproducing Kernel Particle Method (RKPM) Liu
(1995, 1997), Moving Least Square Particle Hydrodynamics (MLSPH) Dilts, Meshless
Local Petrov Galerkin Method (MLPG) Atluri (2000). These methods allow the restoration
of consistency of any order by means of a correction function. It has been shown by Atluri
that the approximations based on corrected kernels are identical to moving least square
approximations.

The issue of stability was dealt with in the context of particle methods in general by
Belytschko (2002), and independently by Randles (1999). They reached the same
conclusions as Swegle in his initial study.

In spite of these improvements, the crucial issue of convergence in a rigorous mathematical
sense and the links with conservation have not been well understood. Encouraging
preliminary steps in this direction have already been put forward very recently by Ben
Moussa, who proved convergence of their meshless scheme for non-linear scalar
conservation laws; see also Ben Mousa and Vila. This theoretical result appears to be the
first of its kind in the context of meshless methods. Furthermore, Ben Moussa proposed an
interesting new way to stabilise normalised SPH and allow for treatment of boundary
conditions by incorporating upwinding, an approach usually associated with finite volume
shock-capturing schemes of the Godunov type, see Toro (1991, 1995, 1999). The task of
designing practical schemes along these lines is pending, and there is scope for cross-
fertilisation between engineers and mathematicians and between SHP specialists and
Godunov-type schemes specialists.

The improvements of the methods in accuracy and stability achieved by kernel re-
normalisation or correction, have not, however, come for free; now it is necessary to treat
the essential boundary conditions in a rigorous way. The approximations in SPH do not
have the property of strict interpolants so that in general they are not equal to the particle

value of the dependent variable, i.e. u“(xj) = zq)l (xj Ju, #Uu,. Consequently it does
|

not suffice to impose zero values for U, at the boundary positions to enforce homogeneous
boundary conditions.

The treatment of boundary conditions and contact was neglected in the conventional SPH
method. If the imposition of the free surface boundary condition (stress free condition) is
simply ignored, then conventional SPH will behave in an approximately correct manner,
giving zero pressure for fluids and zero surface stresses for solids, because of the deficiency
of particles at the boundary. This is the reason why conventional SPH gives physically
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reasonable results at free surfaces. Contact between bodies occurs by smoothing over all
particles, regardless of material. Although simple this approach gives physically incorrect
results.

Campbell [30] made an early attempt to introduce a more systematic treatment of boundary
condition by re-considering the original kernel integral estimates and taking into account
the boundary conditions through residual terms in the integral by parts. Probably the most
sophisticated work on boundary conditions in SPH is due to Takeda et al. [31], who have
applied SPH to a variety of viscous flows. A similar approach has also been used to a
limited extent by Libersky [8] with the ghost particles added to accomplish a reflected
symmetrical surface boundary condition. In, Belytschko, Lu and Gu [19] the essential
boundary conditions were imposed by the use of Lagrange multipliers leading to an
awkward structure of the linear algebraic equations, which are not positive definite.
Krongauz and Belytschko [32] proposed a simpler technique for the treatment of the
essential boundary conditions in meshless methods, by employing a string of finite
elements along the essential boundaries. This allowed for the boundary conditions to be
treated accurately, but reintroduced the shortcomings inherent to structured meshes.

Randles et al. [18, 33] were first to propose a more general treatment of boundary
conditions based on an extension of the ghost particle method. In this, the boundary is
considered to be a surface one half of the local smoothing length away from the so-called
boundary particles. A boundary condition is applied to a field variable by assigning the
same boundary value of the variable to all ghost particles. A constraint is imposed on the
boundary by interpolating it smoothly between the specified boundary particle value and
the calculated values on the interior particles. This serves to communicate to the interior
particles the effect of the specific boundary condition. There are two main difficulties in
this:

Definition of the boundary (surface normal at the vertices).

Communication of the boundary value of a dependent variable from the boundary to
internal particles.

A penalty contact algorithm for SPH was developed at Cranfield by Campbell and
Vignjevic (2000). This algorithm was tested on normalised SPH using the Randles
approach for free surfaces. The contact algorithm considered only particle-particle
interactions, and allowed contact and separation to be correctly simulated. However tests
showed that this approach often excited zero-energy modes.

Another unconventional solution to the SPH tensile instability problem was first proposed
by Dyka in which the stresses are calculated at the locations other than the SPH particles.
The results achieved in 1D were encouraging but a rigorous stability analysis was not
performed. A 2D version of this approach was investigated by Vignjevic (2000), based on
the normalised version of SPH. This investigation showed that extension to 2D was
possible, although general boundary condition treatment and simulation of large
deformations would require further research.

To utilise the best aspects of the FE and SPH methods it was necessary to develop
interfaces for the linking of SPH nodes with standard finite element grids (see Johnson,
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(1993, 1994) and contact algorithms for treatment of contact between the two particles and
elements De Vuyst and Vignjevic .

From the review of the development of meshless methods, given above, the following
major problems can be identified: consistency, stability and the treatment of boundary
conditions.

Basic Formulation

The spatial discretisation of the state variables is provided by a set of points. Instead of a
grid, SPH uses a kernel interpolation to approximate the field variables at any point in a

domain. For instance, an estimate of the value of a function f(X) at the location X is
given in a continuous form by an integral of the product of the function and a kernel
(weighting) function W(X— X", h):

(F00) = [ FOOW(x=x, hydx' (1)
Where: the angle brackets < > denote a kernel approximation
h is a parameter that defines size of the kernel support known as the smoothing length

X' is new independent variable.

The kernel function usually has the following properties:
Compact support, which means that it’s zero everywhere but on a finite domain inside
the range of the smoothing length 2h:

W(x—x"h)=0 for [x—x|>2h )
Normalised
IW(x—x', h)ydx'=1 (3)

These requirements, formulated by Lucy (1977), ensure that the kernel function reduces to
the Dirac delta function when h tends to zero:

lhin3W(x—x',h) =o(x—x",h) “4)
And therefore, it follows that:
1hing< f(x)) = f(x) Q)

If the function f(X) is only known at N discrete points, the integral of equation 5.1 can

be approximated by a summation:

N mi

m . .
(f(0) =D — f(xHW(x=x!,h) (6)
j
-1 P
j -
where - is the volume associated to the point or particle ] . In SPH literature, the term
o,

particles is misleading as in fact these particles have to be thought of as interpolation points
rather than mass elements.
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Equation 6 constitutes the basis of SPH method. The value of a variable at a particle,
denoted by superscript I, is calculated by summing the contributions from a set of
neighbouring particles (Figure 1), denoted by superscript | and for which the kernel

function is not zero:

N
<f(x‘)>=zm—: fXHW(X =X, h) 7
i-1 P
o o o] o] o o
& [+ o] =] O (o]
o0 ) o o D
o0 o O
o Q s o
[ o] O o)
o [ [+l =] =) o
o) o Q [»] Q
s o o] o] o [+ [ ]

Figure 1: Set of neighbouring particles
Conservation Equations

The conservation equations in Lagrangian framework are given by:

dp ov
Il s St 2 8
dt paxa ®

0
dv, 1994 dv, 0 (G“ﬂ}a“f op (9a) and (9b)
dt  p ox, dt  ox,\ p P OXy

o(pv Vv

dE _ %y NV, ord_E:Gazﬂ (p “)_G“ﬁza op (10a) and (10b)
dt  p 0x, dt o~ 0x, P 0X,
, dx
with vV, = —~

dt

The subscripts a and B denote the component.

Equations 9b and 10b are the forms proposed by Monaghan (1983). The kernel
interpolation allows the derivation of the basic SPH form of these conservation equations
as:

dp ov'
— ) =—|Wp'—2dx' 11
<dt> I P ox', (a
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av, :IW 0 “ﬁ dx'+ J'W “" P g (12)
dt ox', 2 ox'y
o(p'Vv' o',V '
g€ = w2 . (p “)dx'—IW—aﬂz = 2P gy (13)
dt p' ox', pe X'y
All the equations above contain integrals of the form:
fw 1) %D gy (14)
ox'

Using a development in a Taylor series about X'= X, it follows:
fw f(x')mdx':j £ 290 4 (x—x1 L[ (x)8) ag(x) Sbwdx s
ox' OX dx

As W is an even function, the terms containing odd powers of X — X' vanish. Neglecting
second and higher order terms, which is consistent with the overall order of the method,
gives:

[w f(x)ag(x')d ' (f(x)ﬁg(x')j (16)

X'=X

Substituting <6g(x)> for 9(x) gives:

OX
(f( ,)6g(x)] = 100w X gy a7
X'=X X'
Using the last relation in equations 5.11, 5.12 and 5.13 gives
dp
—o|lWZ=2d 18
< - > p I ()
av, ZIW 0 (Tw dx'+0"f IW 9p dx' (19)
dt ox',\ p' ox',
a /!
<dE>— 7 [w (0V') gy O “jW P gy (20)
dt ox',
All equations include kernel appr0x1mat10ns of spatlal derivatives:
<af(x)> j 00, A on
Integrating by part gives:
AN _w f(x)- jf(x)aﬂdx' 22)
oX, ox',
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The first term of the second member can be rewritten:

W f(x)= ji))d (23)

Usmg Green’s theorem, it follows:

j Wf(x) =ij(x')nidS (24)

The surface integral is zero if the domain of integration is larger than the compact support
of W or if the field variable assumes zero value on the boundary of the body (free surface).
If none of these conditions is satisfied, modifications should be made to account for
boundary conditions.

One should note that in Equations 18, 19 and 20 the spatial derivatives of the field variables
are substituted by the derivatives of the kernel:

jw af(x) —jf(x)%x' (25)
ox',

Itfollows:

dp oW

——)=p|v' ——dx' 26
<dt> e o (26)
<d"a>:_j“aﬁ W =22 [ o e @)

dt p' X'y P ox',

V
<d—E>=—UD’f PV, avy +"“ﬂfjp'a"f’ dx' (28)
P ox', P oX',

The final step is to convert the continuous volume integrals to sums over discrete
interpolation points. Finally, after a few arrangements in order to improve the consistency
between all equations, the most common form of the SPH discretised conservation
equations are obtained:

dp m oW’
= vi—V 29
dt pjz; ( )axﬂ @)
i N i ij
Zm‘ Oop _Tep | W G0
=1 P ) OXg
dE' J ow”
= (vl -V ) — 3D
OXy

whereWJ =W(X —x,h)

Kernel Function
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To complete the discretisation one has to define the kernel function. Numerous
possibilities exist. A large number of kernel function types are discussed in literature,
ranging from polynomial to Gaussian. The most common is the B-spline kernel that was
proposed by Monaghan (1983):

1—§v2+§v3 v<l1
2 4

W(v,h)=h£D %(2—v)3 1<v<2 (32)
0 otherwise
where
_|x=x]

h b
D is the number of dimensions of the problem (i.e. 1, 2 or 3),
C is the scaling factor which depends on the number of dimensions and ensures that the
consistency conditions 2 and 3 are satisfied:

2 D=1
3
C= ﬂ D=2 (33)
T
L pos
T

Variable Smoothing Length

If large deformations occur, particles can largely separate from each other. If the smoothing
length remains constant, the particle spacing can become so large than particles will no
more interact. On the other hand, in compression, a lot of particles might enter in the
neighbouring of each other, which can significantly slow down the calculation. In order to
avoid these problems, Benz (1990) proposed the use of a variable smoothing length. The
intent was to maintain a healthy neighbourhood as continuum deforms. The equation for

evolution of h derived by Benz (1990) is:
1

h=h, (&Jn (34)
Y2

where h0 and p, are initial smoothing length and density and N is the number of

dimensions of the problem.

Another frequently used equation of evolution based on conservation of mass is:
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dh 1, ..

— =—hdiv(v) (35)
dt n

where div(V) is the divergence of velocity. .

Neighbour Search

An important step in the SPH computation is the neighbour search. This task can be
extremely time consuming. The neighbour search routine lists the particles that are inside
the neighbourhood of each particle at each time step. A direct search between every particle
is particularly inefficient. A bucket sort algorithm is more efficient. In this method, an
underlying grid of side 2h is generated and the particles are sorted according to the box in
which they are located (Figure 2). Then for each particle, the neighbours are searched
among the particles contained in the same box and the surrounding boxes. This allows the
computational time to be cut down from a default time proportional to N? for a direct search
to NlogN, where N is the total number of particles.

Figure 2: Bucket sort and neighbour search

SPH Shortcomings

The basic SPH method has shown several problems when used to model a solid body:
Consistency
Tensile instability
Zero-energy modes

Consistency
The SPH method in its continuous form is inconsistent within 2 h of the domain boundaries
due to the kernel support incompleteness. In its discrete form the method loses its 0™ order

consistency not only in the vicinity of boundaries but also over the rest of the domain if
particles have an irregular distribution. Meglicki (1995) showed that node disorder results
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in a systematic error. Therefore, a proper SPH grid should be as regular as possible and not
contain large discrepancies in order to perform most accurate simulation.

The first order consistency of the method can be achieved in two ways. Firstly, by
correcting the kernel function, second, by correcting the discrete form of the convolution
integral of the SPH interpolation. Johnson (1996) uses this correction procedure and
proposed the Normalised Smoothing Function. Vignjevic (1999) also implemented a kernel
normalisation and correction to lead to a Corrected Normalised Smooth Particle
Hydrodynamics (CNSPH) method which is first order consistent. The full derivation of this
correction is given below. In SPH methods based on a corrected kernel, it is no-longer
possible to ignore boundary conditions. In basic SPH, free surface boundary conditions are
not imposed and are simply ignored as variables tends to zero at boundaries because of the
deficiency of neighbour particles.

Derivation of Normalised Corrected Gradient SPH formula

The approximation of fields using a Normalised Corrected SPH (NCSPH) interpolation has
been published Libersky&Randles (1999), Vignjevic (2000), Bonet (2000). Some authors
have chosen to use properties of the integrals of motion (linear and angular momentum) to
derive Normalisation and Gradient Correction for kernel interpolation, see Bonet. This
approach lacks generality and does not provide the insight into the origin and the nature of
the problem. A full derivation of the correction proposed by Vignjevic (2000), which has
not been published before, is given below. The derivation is based on the homogeneity and
isotropy of space, the space properties, which have as a consequence conservation of linear
and angular momentum, see Landau. The mixed correction insures that homogeneity and
isotropy of space are preserved in the process of spatial discretisation.

An interpolation technique should not affect homogeneity of space. One way of
demonstrating this is to prove that the interpolation of the solution space itself is
independent of a translation of the coordinate axes. In order to express this statement
mathematically one can start by writing the general expression for the SPH interpolation of
a vector field:

= ZJ:_JF(XJ)\V(;‘I _ij) (36)

If the field to be interpolated is the solution space then F=X and Equation 36 becomes:

= Z%’%W(ii -%,) (37)
J ]

X=X

In a different, translated coordinate system, this equation is:

() =X %

oo ZP—XJW(’?E -x)) (38)
i Fj
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Where X' is the coordinate vector in the new coordinate system. If the translation vector
by which the origin of the coordinate system was moved is defined as AX then the
relationship between X and X' is:

X' =X-AX (39)

If the interpolated coordinates of a point are independent of the translation of coordinate
axes then the following should hold:

(¥)=(%)-Ax (40)

By substituting Equation 40 into Equation 39 for both f(i and X j one obtains:

X')= ﬁiwx_i_ gAiWi.—i 41)
(8)=2 %W -%,)- X =X,
i Pj i Pj
or
(%)= (7)-ax3 Wi %) @
i Fj

By comparison of Equation 42 and Equation 40 it is clear that the discretised space will
only be homogeneous if the following condition is satisfied:

Z%W(Yi -%)=1 3)
j j

Similarly, an interpolation technique should not affect isotropy of space. One way of
demonstrating this is to prove that the interpolation of the solution space itself is
independent of a rotation of the coordinate axes. The same holds for the SPH
approximation. The change in coordinates due to a rotation of the coordinate axes is:

X' =CX (45)
where C is the rotation matrix. For small rotations this can also be written as:

X'=X—-ApxX (46)

where A¢ is the rotation vector.

If one wants to ensure that the SPH approximation does maintain the fact that space is
isotropic then the approximation has to satisfy the following condition:

(X')=(Cx) =C(x) (47)
(C)=cC (48)
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This means that the rotation matrix has to be approximated exactly.

In order to develop this equation one can start by rewriting
X =X—AdxX

where Ad” is a skew-symmetric matrix:

0 - A}, A(I)y
A =| Ab, O —Ad,
— A(I)y A, 0

This means that, for small rotations, the rotation matrix is given by:

C=1-¢"

The approximation of the rotated coordinates is:
(¥)=(C%)=(C)(%) = (1-¢")(%)

This means that the requirement on the interpolation is:
1-¢" =(1-¢")

or

¢ =(¢")

Expanding this expression leads to:
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<¢X>:;%A$xijvw(ii -%))

22%(¢XXJ)VW(ii _;‘j)

:¢xz%ijvw(ii —ij)
J

Therefore to preserve space isotropy, i.e. ¢ =

satisfied.

> 2ig vW(x, -%,)=1
i Pj

(35)

<(|)X> the following condition has to be

(56)

The form of the normalised kernel function and the approximation of the first order
derivatives which provides first order consistency is given in Table 1. below.

Space Homogeneity Space Anisotropy
Condit. nnbr m nnbr m .
> W —x;,h) =1 > —Lx; ®VW(x —x;,h)=1
j=1 pj j=1 pj
Normalised - W (x; — xj’h) s ey !
- Corrected i = Tnbr ' VW i= VW ij[z —ij ® vwij]
D> IW(x - x;,h) =P
i=1 Pj

Table 1. Corrected forms of the kernel function and its gradient

Using the NCSPH approximations the conservation equations assume the following form:

nnbr m . —_
Pi :piZ_J(Vj_vi)'VW i
i=1 P
- nnbr o 6] —_
vV, = m.| —-+ VW,
gl o sz j
nnbr -
e=—°—'22mj (Vj _V.) VW,
Pi A
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Tensile Instability

A Von Neumann stability analysis of the SPH method was conducted Swegle and Balsara
separately. This has revealed that the SPH method suffers from a tensile instability. This
instability manifests itself as a clustering of the particles, which resembles fracture and
fragmentation, but is in fact a numerical artefact. Swegle concluded that the instability
doesn’t result from the numerical time integration algorithm, but rather from an effective
stress resulting from a non-physical negative modulus being produced by the interaction
between the constitutive relation and the kernel interpolation. In other words the kernel
interpolation used in spatial discretisation changes the nature of original partial differential
equations. These changes in the effective stress amplify, rather than reduce, perturbations
in the strain. From Swegle’s stability analysis it emerged that the criterion for stability was
that:

W"o >0 (60)

where W " is the second derivative of W with respect to its argument and & is the stress,
negative in compression and positive in tension.

This criterion states that instability can also occur in compression, not only in tension.
Indeed, if the slope of the derivative of the kernel function is positive, the method is
unstable in tension and stable in compression and if the slope is negative, it is unstable in
compression and stable in tension.

L = W < ()

s >0 stable
o < () unstable

W7o () =i
s >0 (tension} unsiable

s < (compression) stable

0 0T N o A O R

Y

Figure 3: Stability regimes for the B-spline kernel function (Swegle, 1994)
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The fact that this instability manifests itself most often in tension can be explained. Figure 3
shows the stability regime for the B-spline kernel function. The minimum of the derivative

is situated at U=2/3h. In standard configurations, the particle spacing is equal to the

smoothing length, U =h. Thus, standard configurations are unstable in tension. This
explains why this unstable phenomenon is generally observed in tension and hence, its
misleading name “tensile instability”.

In order to remedy this problem several solutions have been proposed. Guenther (1994)
and Wen (1994) have proposed a solution, known as Conservative Smoothing. Randles and
Libersky proposed adding dissipative terms, which is related to conservative smoothing.
Dyka proposed an original solution by using a non-colocated discretisation of stress and
velocity points. At one set of points the stresses are evaluated, while the momentum
equation is calculated at another set of points. The ‘stress’ points are equivalent to the
Gauss quadrature points in FE, the other set of points is equivalent to the element nodes.
This approach was extended to two dimensions, in combination with kernel normalisation,
by Vignjevic and Campbell (2000). Other solutions were proposed, fore instance see
Monaghan (2001). The former proposes a corrective SPH method by enforcing higher
order consistency, while the latter proposes the addition of an artificial force to stabilise the
computation. Recently Randles and Libersky combined MLS interpolation with the stress
and velocity point approach. They called this approach the Dual Particle Dynamics method
Libersky (2001).

The conservative smoothing and the artificial repulsive forces methods have limited
applicability and have to be used with caution because they affect the strength of material
being modelled. At present, the most promising approach is non-collocational spatial
discretisation. This problem is in the focus of attention of a number of researchers working
on mesh-less methods.

Zero-Energy Modes

Zero-energy modes are a problem that is not unique to particle methods. These spurious
modes, which correspond to modes of deformation characterised by a pattern of nodal
displacement that produces zero strain energy, can also be found in the finite difference and
finite element methods.

Swegle (1994) was first to showed that SPH suffers from zero energy modes. These modes
arise from the nodal under integration. The fundamental cause is that all field variables and
their derivatives are calculated at the same locations (particle positions). For instance, for
an oscillatory velocity field, illustrated in Figure 1, the kernel approximation would give
negligible gradients and consequently stresses at the particles. These modes of deformation
are not resisted and can be easily exited by rapid impulsive loading. Another explanation
can be found in the origin of the kernel approximation. As the kernel approximation, which
is the basis of SPH, is an interpolation of a set of discrete data, a constant field, can be fit
with a sinusoidal curve/surface if the order of the interpolation is high enough.
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Figure 4 illustrates this spurious mode for a field in 1D SPH. If one would approximate the
derivative of the field shown in Figure 4 with a central difference formula:

daf _ f(Xm)_f(XH) 61)
dX X=X, Xi-¢—1 - Xi—l

then one would obtain:

df

sl =0 62
=i (62)

at all points. Hence this mode can not be detected, and can grow unhindered. This means
that this mode could grow to a level where it dominates the solution.

(A

—7 i+

Sl

Figure 4: Zero Energy Modes.

Zero energy or spurious modes are characterised by a pattern of nodal displacement that is
not a rigid body but produces zero strain energy.

One of the key ideas to reduce spurious oscillations is to compute derivatives away from
the particles where kernel functions have zero derivatives. Randles (1999) proposed a stress
point method. Two sets of points are created for the domain discretisation, one carries
velocity, and another carries stress. The velocity gradient and stress are computed on stress
points, while stress divergence is sampled at the velocity points using stress point
neighbours. According to Swegle (1994), these spurious modes can be eliminated by
replacing the strain measure by a non-local approximation based on gradient approach.
Beissel (1996) proposed another way to stabilise nodal integration, the least square
stabilisation method.
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Summary

The paper gives an overview of developments of the SPH method. Especial attention is
given to the main shortcomings of the original form of the method naimly consistency,
tensile instability and zero energy modes. An example of derivation of correction
necessary to assure first order consistency is given. The origin of the tensile instability and
few proposed solutions to this problem are described. Similar consideration is given with
respect to the zero energy modes typical for the collocational SPH method.
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Abstract. In this paper, some basic results of the stability criteria of fractional order system
with time delay as well as free delay are presented. Also, they are obtained and presented
sufficient conditions for finite time stability for (non)linear (non)homogeneous as well as
perturbed fractional order time delay systems. Several stability criteria for this class of
fractional order systems are proposed using a recently suggested generalized Gronwall
inequality as well as “classical” Bellman-Gronwall inequality. Some conclusions for
stability are similar to that of classical integer-order differential equations. Last, a numerical
example is given to illustrate the validity of the proposed procedure.

1. Introduction

The question of stability is of main interest in control theory. Also, the problem of
investigation of time delay system has been exploited over many years. Delay is very often
encountered in different technical systems, such as electric, pneumatic and hydraulic
networks, chemical processes, long transmission lines, etc.,[1]. Delays are inherent in many
physical and engineering systems. In particular, pure delays are often used to ideally
represent the effects of transmission, transportation, and inertial phenomena. This is
because these systems have only limited time to receive information and react accordingly.
Such a system cannot be described by purely differential equations, but has to be treated
with differential difference equations or the so called differential equations with difference
variables. Delay differential equations (DDEs) constitute basic mathematical models for
real phenomena, for instance in engineering, mechanics, and economics, [2]. The basic
theory concerning the stability of systems described by equations of this type was
developed by Pontryagin in 1942. Also,important works have been written by Bellman and
Cooke in 1963, [3]. The presence of time delays in a feedback control system leads to a
closed-loop characteristic equation which involves the exponential type transcendental
terms. The exponential transcendentality brings infinitely many isolated roots, and hence it
makes the stability analysis of time-delay systems a challenging task. It is well recognized
that there is no simple and universally applicable practical algebraic criterion, like the
Routh—Hurwitz criterion for stability of delay-free systems, for assessing the stability of
linear time-invariant time-delayed (LTI-TD) systems. On the other side, the existence of
pure time delay, regardless if it present in the control or/and state, may cause undesirable
system transient response, or generally, even an instability. Numerous reports have been
published on this matter, with particular emphasis on the application of Lyapunov's second
method, or on using idea of matrix measure,[4-7]. The analysis of time-delay systems can

44


mailto:mlazarevic@mas.bg.ac.rs

Third Serbian (28" Yu) Congress on Theoretical and Applied Mechanics
Vlasina lake, Serbia, 5-8 July 2011 P-03

be classified such that the stability or stabilization criteria involve the delay element or not.
In other words, delay independent criteria guarantee global asymptotic stability for any
time-delay that may change from zero to infinity. As there is no upper limit to time-delay,
often delay independent results can be regarded as conservative in practice, where
unbounded time-delays are not so realistic. In practice one is not only interested in system
stability (e.g. in the sense of Lyapunov), but also in bounds of system trajectories. A system
could be stable but still completely useless because it possesses undesirable transient
performances. Thus, it may be useful to consider the stability of such systems with respect
to certain subsets of state-space which are defined a priori in a given problem. Besides that,
it is of particular significance to concern the behavior of dynamical systems only over a
finite time interval. These boundedness properties of system responses, i.e. the solution of
system models, are very important from the engineering point of view. Realizing this fact,
numerous definitions of the so-called technical and practical stability were introduced.
Roughly speaking, these definitions are essentially based on the predefined boundaries for
the perturbation of initial conditions and allowable perturbation of system response. Thus,
the analysis of these particular boundedness properties of solutions is an important step,
which precedes the design of control signals, when finite time or practical stability control
is concern. Motivated by “brief discussion” on practical stability in the monograph of
LaSalle and Lefschet,[8] and Weiss and Infante,[9] have introduced various notations of
stability over finite time interval for continuous-time systems and constant set trajectory
bounds. A more general type of stability (“practical stability with settling time”, practical
exponential stability, etc.) which includes many previous definitions of finite stability was
introduced and considered by Gruji¢,[10,11]. Concept of finite-time stability, called “final
stability”, was introduced by Lashirer and Story, [12] and further development of these
results was due to Lam and Weiss,[13]. Recently, finite-time control/stabilization, and
methods for stability evaluation of linear systems on finite time horizont are proposed by
Amato et al., [14,15], respectively. Also, analysis of linear time-delay systems in the
context of finite and practical stability was introduced and considered in [16-18] and as
well as finite-time stability and stabilization [19].

Recently there have been some advances in control theory of fractional (non-integer order)
dynamical systems for stability questions such as robust stability, bounded input-bounded
output stability, internal stability, finite time stability, practical stability, root-locus, robust
controllability, robust observability, etc. For example, regarding linear fractional
differential systems of finite dimensions in state-space form, both internal and external
stabilities are investigated by Matignon,[20].Some properties and (robust) stability results
for linear, continuous, (uncertain) fractional order state-space systems are presented and
discussed [20,21].However, we can not directly use an algebraic tools as for example
Routh-Hurwitz criteria for the fractional order system because we do not have a
characteristic polynomial but pseudopolynomial with rational power-multivalued function.
An analytical approach was suggested by Chen and Moore,[22], who considered the
analytical stability bound using Lambert function W. Further, analysis and stabilization of
fractional (exponential) delay systems of retarded/neutral type are considered [23,24], and
BIBO stability [25]. Whereas Lyapunov methods have been developed for stability analysis
and control law synthesis of integer linear systems and have been extended to stability of
fractional systems, only few studies deal with non-Lyapunov stability of fractional systems.
Recently, for the first time, finite-time stability analysis of fractional time delay systems is
presented and reported on papers [26,27]. Here, a Bellman-Gronwall's approach is
proposed, using “classical” Bellman-Gronwall inequality as well as a recently obtained
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generalized Gronwall inequality reported in [28] as a starting point. The problem of
sufficient conditions that enable system trajectories to stay within the a priori given sets for
the particular class of (non)linear (non)autonomous fractional order time-delay systems has
been examined.

2. Fundamentals of fractional calculus

Fractional calculus (FC) as an extension of ordinary calculus has a 300 years old history.
FC was initiated by Leibniz and L Hospital as a result of a correspondence which lasted
several months in 1695. Both Leibniz and L Hospital, aware of ordinary calculus, raised the
question of a noninteger differentiation (order n=1/2) for simple functions. Subsequent
mention of fractional derivatives was made, in some context or the other by (for example)
Euler in 1730, Lagrange in 1772, Laplace in 1812, Lacroix in 1819, Fourier in 1822,
Riemann in 1847, Green in 1859, Holmgren in 1865, Grunwald in 1867, Letnikov in 1868,
Sonini in 1869, Laurent in 1884, Nekrassov in 1888, Krug in 1890, and Weyl in 1919, etc.
[29]. In that way, the theory of fractional-order derivative was developed mainly in the 19"
century. Since from 19™ century as a foundation of fractional geometry and fractional
dynamics, the theory of FO, in particular, the theory of FC and FDEs and researches
of application have been developed rapidly in the world. The modern epoch started in
1974 when a consistent formalism of the fractional calculus has been developed by Oldham
and Spanier,[4], and later Podlubny,[6]. Applications of FC are very wide nowadays, in
rheology, viscoelasticity, acoustics, optics, chemical physics, robotics, control theory of
dynamical systems, electrical engineering, bioengineering and so on, [4-12]. In fact, real
world processes generally or most likely are fractional order systems. The main reason for
the success of applications FC is that these new fractional-order models are more accurate
than integer-order models, i.e. there are more degrees of freedom in the fractional order
model. Furthermore, fractional derivatives provide an excellent instrument for the
description of memory and hereditary properties of various materials and processes due to
the existence of a “memory” term in a model. This memory term insure the history and its
impact to the present and future. A typical example of a non-integer (fractional) order
system is the voltage-current relation of a semi-infinite lossy transmission line [17] or
diffusion of the heat through a semi-infinite solid, where heat flow is equal to the half-
derivative of the temperature [6].In his 700 pages long book on Calculus, 1819 Lacroix [30]

developed the formula for the n-th derivative of y=x", m — is a positive integer,

m!

(mfn)!

Gamma function, he further obtained the formula for the fractional derivative

D'x" =

" where n (S m) is an integer. Replacing the factorial symbol by the

D’ = r(r/g;)l) o
@)
where o and S are fractional numbers and Gamma function F(z) is defined for z >0
by the so-called Euler integral of the second kind:
r (z) = Te"”xz’ldx, I'(z+1)=2zI(2)
0 2
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On the other hand, Liouville (1809-1882) formally extended the formula for the derivative
of integral order n

D"e™ =a"e™ = D™ =a"e™, a—arbitrary order 3)

Using the series expansion of a function, he derived the formula known as Liouville's first
formula for fractional derivative, where « may be rational, irrational or complex.

D% f(x) = chaffea"x

n=0 (4)

where f(x)= ch exp(a,x), Rea, >0 . However, it can be only used for functions of the
n=0

previous form. Also, it was J. B. J. Fourier,[31] who derived the functional representation

of function

FO=o-[ [ £(¢)eos(§(x-6))dcas. )

T

where he also formally introduced the fractional derivative version. In 1823, Abel
considered a mechanical problem, namely Abel’s mechanical problem [32]. In the absence

of friction, the problem is reduced to an integral equation
¥

J'(y_z)fl/zu(z)dZZ\/gf(y), yel0,H], (6)

0
where u(z)=+/1+¢"(z),¢(z) is an increasing function, g is the constant downward
acceleration, f ( y) is a prescribed function. Then Abel solved (6) in [33]. Also an Abel

transform of a sufficiently well behaved function # was generalized to

a-1
ol
— | (x—t) u@®dt, a<x<b, 7
(@) ( ) u(@) (7
where —o0 <a <b <o, @ €(0,1) and I'(.) is the well known Euler's gamma function. Here,
it is assumed the solution of classical Abel integral equation exists and the fractional

derivative with order « € (0,1) exists in Ll(a,b) , [34], so we have following results:
Lemmal.Consider, for a e (O,l), —w<a<b<Lw, the classical Abel integral equation

(x—0)*u@yde = f(x), a<x<b, ®)

1
r(a)

Then there exists at most one solution of equation (8) in Ll(a,b). Moreover, if the

Q —y =

function f is absolutely continuous on [a, b], then equation (8) has a solution in Ll(a,b) ,
given by (9)
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X
u(x) = ;di j % f()dt = f(x), a<x<b, )
a
If a and f (a) are finite, then
X
u(x) = ( " flaYxr—a) @ j(x—t)‘“f'(t)dt, Ca<x<b,  (10)
a

If a is finite and f is extended by O to the left of a , then

I PN
“) = Fa) j(x—z) 24|, a<x<b, (11

a—0

If a=—oo is finite and lim,_,_o|{' "% f(x) =0 then

X
u(x)=; j(x—t)‘“df(t) . —oo<x<b, (12)
F(l—a)

From the viewpoint of fractional calculus, we can see that (9)—(12) are just some other
forms of fractional derivatives, with order & € (0,1), under some different hypotheses on f .
Fractional derivatives are typically treated as a particular case of pseudo-differential
operators. Since they are nonlocal and have weakly singular kernels, the study of fractional
differential equations seems to be more difficult and less theories have been established
than for classical differential equations. In 1832-1837 a series of papers by Liouville
[35,36] reported the earliest form of the fractional integral, though not quite rigorously from
the mathematical point of view. The formula was taken as follows

D_p¢(x)=;'[¢(x+t)tp_ldt, —wo<x<w, p>0, (13)

1Pr(p)

That is now called the Liouville form of fractional integral with the factor (~1)” being

omitted. Next the significant work was done by Riemann [37], who wrote that paper in
1847 when he was just a student. But it was published until 1876, ten years after his death.
Riemann had arrived at the expression

D4 (%) j 4G ladT x>0 (14)

for fractional integration. Furthermore, we have the most useful forms of left-hand and
right-hand Riemann- Liouville (RL) derivatives defined as follows
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1 dm [ m—a-1
D () e e i,
e L O
(o a "
RLD’:bf(x):F(m——a)dx”’ J‘(T—x)wflf(r)dr,

where m—1<a <m, a, b are the terminal points of the interval [a,b] , which can also be

—o0,0 . The definition (15) of the fractional differentiation of Riemann-Liouville type leads
a conflict between the well-established and polished mathematical theory and proper needs,
such as the initial problem of the fractional differential equation, and the nonzero problem
related to the Riemann-Liouville derivative of a constant, and so on. A certain solution to
this conflict was proposed by Caputo first in his paper [38] (1967) .Caputo’s definitions can
be written as

D7 f(x) :;j(x_r)““ 7 (2)dr,
| “6)
ch,bf(x)Zmdxm J-(T—x)mflf(f)dr,

x

where m—1<a<meZ". Obviously, the Caputo derivative is more strict than Riemann-
Liouville derivative, one reason is that the m-th order derivative is required to exist. The
Caputo and Riemann-Liouville formulation coincide when the initial conditions are zero.
Besides, the RL derivative is meaningful under weaker smoothness requirements. Also, the
RL derivative can be presented as:

wDIf(x)=D"DL"f(x), ae[n-ln), (17)
and the Caputo derivative
CDZXf(x):DZ;”D"f(x), aen(n—l,n), (18)

where neZt,D" is the classical n-order derivative. Moreover, previous expressions
show that the fractional-order operators are global operators having a memory of all past
events, making them adequate for modeling hereditary and memory effects in most
materials and systems. Also, for the RL derivative, we have

n-1 n
im  RLpfx =9 ana tim RlpZxn =920 (9
a—>(n-1)" de" a—n’ dr"
But for the Caputo derivative, we have
n—1 n
im  CpZxt)=TO_pDyay and tim CpZxiry=20 (20
a—(n-1)" a1 a—n" dr"

Obviously, , DY, ne (—oo,+oo) varies continuously with 7, but the Caputo derivative

cannot do this. On the other side, initial conditions of fractional differential equations with
Caputo derivative have a clear physical meaning and Caputo derivative is extensively used
in real applications. On the other side, Grunwald [39] (in 1867) and Letnikov [40] (in
1868) developed an approach to fractional differentiation based on the definition
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(477(x))

a Dy f(x)= %g% e

LA (x)= (—1)/[(;Jf(x—jh), >0, (1)
0<|jl<o0

which is the left Grunwald-Letnilov (GL) derivative as a limit of a fractional order
backward difference. Similarly, we have the right one as
’ (A5 (x) . ne: :
aDrf () =lim™— =, Ahf(x)=oz ()] | (e, <0, @)
<|j|<o
Therefore, one can define the new form of Grunwald-Letnikov derivative as follows
AT F+AY f)(x
D f(x) = ! 1im< ! /) ),
GL™x o\ h—0 h"
2005( ] | |

(23)

which is called the Grunwald-Letnikov-Riesz derivative. As indicated above, the previous
definition of GL is valid for a > 0 (fractional derivative) and for o < 0 (fractional integral)
and, commonly, these two notions are grouped into one single operator called
differintegral. The GL derivative and RL derivative are equivalent if the functions they act
on are sufficiently smooth. For numerical calculation of fractional-order differ-integral

operator one can use relation derived from the GL definition.
N(x)

(e DI ) =B Y B f(x = i) 24)
j=0

where L is the "memory length", h is the step size of the calculation,

N = min{ %Mﬂ} 25)

(xa)

[x] is the integer part of x and b 8 is the binomial coefficient given by

ia + o
b =1, bj(.)z(l——l “jbj.-l) (26)

For convenience, Laplace domain is usually used to describe the fractional integro-
differential operation for solving engineering problems. The formula for the Laplace
transform of the RL fractional derivative has the form:

xQ n-1

[e wbpfeody=s"F(s)=Y s WD f (), @7)

0 k=0
Where for a <0 (i.e., for the case of a fractional integral) the sum in the right-hand side
must be omitted). Also, Laplace transform of the Caputo fractional derivative is:

0 n—1
[e™ oDf f(0dt =s"F(s)- 3. s* 7 f®(0), n-1<a<n (@28)
0 k=0

which implies that all the initial values of the considered equation are presented by a set of
only classical integer-order derivatives. Besides that, a geometric and physical
interpretation of fractional integration and fractional differentiation can be found in
Podlubny’s work [41].
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3. Preliminaries on integer time-delay systems

A linear, multivariable time-delay system can be represented by differential equation:

% =Ax(t)+ Ax(t—7) (29)
and with associated function of initial state:
x(t) =y, (0), —-7<t<0, (30)

Equation (29) is referred to as homogenous state equation. Also, more general a linear,
multivariable time-delay system can be represented by following differential equation:

%= Ayx(t)+ Ax(t—7)+ Bu(t)+ Bu(t—1), (31)
and with associated function of initial state and control:
N=y (), -1<t<0,
x() =y (1) T (32)
u(®) =y (1),

Equation (31) is referred to as nonhomogenous or the unforced state equation, x(¢)is state
vector, u(t) control vector, 4y, 4,B, and B, are constant system matrices of appropriate

dimensions, and T is pure time delay, 7 =const. (7 >0). Moreover, here it is considered a
class of non-linear system with time delay described by the state space equation:

%:on(t)+Alx(t—r)+Bou(t)+Blu(t—r)+:Zﬁ(x(t))+ifj(X(t—r)), (33)

with the initial functions (32) of the system. Vector functions f;, f;,i=1n,j=1m

present nonlinear parameter perturbations of system in respect to X(¢#) and X(t—7)
respectively. Also, it is introduced next assumption that:

x| e |x@].i=1n te[0,%)

|-z < e, |xtt-7)
where ¢;,c ;€ R* are known real positive numbers. Moreover, a linear multivariable time-
varying delay system can be represented by differential equation

(34

,j=Lm, 1e[0,0)

dx(t
? — Ayx(1) + Ax(t —7 (1)) + Byu(t), (35)
t
and with associated function of initial state
x(t)=w, (), -7, <t<0. 36)

where 7 (t) is an unknown time—varying parameter which satisfies

0<7(t)<7y, Vied, J=[t

Moreover, here it is considered a class of perturbed non-linear system with time delay
described by the state space equation

t,+T],J <R (37)

0’70
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dx(t

% = (AO + A4, )x(t) + (A1 + A4 )x(t —7(2)) + Byu(t) + £, (x(t),x(t - T(l))), (38)
with the given initial functions of the system and vector function f,.Vector function f
present nonlinear parameter perturbations of system in respect to x(¢) and x(z—7(¢))

respectively and matrices AA4,,A4; present perturbations of system, too. Also, it is
assumed that next assumption is true.

1/ G0, x(t - 7)) < o [x@)]|+ ¢ [ et - @), 1 €[ 0,0 ), 39)
where ¢, € R" are known real positive numbers. Dynamical behavior of system
(29),(31) or (33) with initial functions (30),or (32) is defined over time interval

J = {to g, +T }, where quantity T may be either a positive real number or symbol + 00 ,

so finite time stability and practical stability can be treated simultaneously. It is obvious
that J € R. Time invariant sets, used as bounds of system trajectories, are assumed to be
open, connected and bounded. Let index "&" stands for the set of all allowable states of
system and index "d" for the set of all initial states of the system, such that the set

S5 = S, . In general, one may write:
2
S, :{X:||X(t)||Q<p}, pels.e], (40)
where Q will be assumed to be symmetric, positive definite, real matrix. S, denotes the
set of the all allowable control actions. Let |X|() be any vector norm (e.g., .=1,2,00) and
||(.)|| the matrix norm induced by this vector. Matrix measure has been widely used in the

literature when dealing with stability of time delay systems. The matrix measure g for any

matrix 4 e C™" is defined as follows:
(41)

The matrix measure defined in (36) can be subdefined in three different ways, depending on
the norm utilized in its definitions,[42].

n

M (A) = m]le Re(akk )+ ;|aik| , (42)
ik

Hy (A):m]?x Re(akk)+;|aik| , (43)
i#k
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and y7. (A) =max| Re (aﬁ )+ Zn:|aki| 44)
| o
Expression (32) can be written in it’s general form as:
X(t, +0) =y, (6), -7<6<0, (//x((g)EC[—T,O]

, (45)
U, +0) =y, (@), ~1<0<0, y,(0)eC[-7,0]

where ¢, is the initial time of observation of the system (29) and C [-‘L’,O] is a Banach
space of continuous functions over a time interval of length 7 , mapping the interval

[l‘ - 't,t] into R" with the norm defined in the following manner:
Wl = maxly©)]. 6

—7<6<0
It is assumed that the usual smoothness condition is present so that is no difficulty with
questions of existence, uniqueness, and continuity of solutions with respect to initial data.

3.1 Some previous results related to integer time-delay systems

The existing methods developed so far for stability check are mainly for integer-order
systems.

Definition 1: System given by (31) with u(t—r) =0, V1t ,satisfying initial condition (4) is
finite stable w.r.t {g(t), &,a, ,r,J,,u(AO) # O} , Iif and only if:

v, €8s, Vte [—7,0] 47)
and

u(r)eS, ,vieJ (48)
imply:

X(t;tp, %) €Sy, Vte[O,T] (49)

[Nlustration of preceding definition is pictured on Fig. 1.

Jco]

Fig.1 Finite time stability concept illustration
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Definition 2: System given by (31) satisfying initial condition (32) is finite stable w.r.t
{5,5,0{W,au,r,J,y(A0) # 0}, if and only if:

v, €Ss, Vte [—T,O] (50)

v, eSaO, Vte[—T,O] (51)
and

u(r)eS, ,vieJ (52)
imply: X(t;t9, X9, U(?)) €S, VieJ (53)

Theorem 1. System given by (31), with initial function (32) is finite time stable w.r.t
{5, £,a,,Q,, r,J,y(AO) # O} , ifthe following condition is satisfied,[43]:

14 (4))e> ™ <(e/8)o™! (54)

where:
oc=a (yz (4y)ar’! +(1—67”2(A°)T)c1 +(1—67”Z(A“)t)cz) (55)
czzy(b0+bl),cl:1+b1(7+;/w) (56)

r=a,l&y,=a,l&q :"Al", b :"Bl"/al, by :”BO”/al (57)
Results that will be presented in the sequel enables one to check finite time stability of the

nonautonomous system to be considered (29),(31) or (33) and (30),(32) without finding the
fundamental matrix or corresponding matrix measure.

Definition 3: System given by (31) satisfying initial condition (32) is finite stable w.r.t
{6.6.0,,00,1,,J.}, §<e& if and only if:

I+l <2 Iyl <ao. (58)

juo|<e, . vies (59)
imply:

Ix|<e . vieJs (60)

Theorem 2. Nonautonomous system given by (31) satisfying initial condition (33) is finite
time stable w.r.t. {5, £,0,,0,t J,}, J < &, if the following condition is satisfied,[44]:

[1+ o (1=10 )]e"‘gﬂx“"o) +y(t—t)+yor<€/S, Vteld. (61)
where

n=nld r0=r/6 n = (b +by) . 7o = (g -, )by , (62)
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4. Preliminaries on stability of fractional order systems including time-delays

In the field of fractional-order control systems, there are many challenging and unsolved
problems related to stability theory such as robust stability, bounded input — bounded
output stability, internal stability, root-locus, robust controllability, robust observability,

etc. In engineering, the fractional order & is often less than 1, so we restrict o € (0,1) as
usual. Even if a >1, we can translate the fractional systems into systems with the same
fractional order which lies in (0,1) provided some suitable conditions are satisfied [45]. To

demonstrate the advantage of fractional calculus in characterizing system behavior,here,
stability properties, let us consider the following illustrative example, [46].
Example 1: Compare the following two systems with initial condition x(0) for 0 < <1,

%x(t) =vt'™, Dy x()y=vt"™, 0<a<l. (63)

Vr(v)tvﬂz—l
F(V + a)

respectively. One may conclude, the integer-order system is unstable for any v € (0,1).

The analytical solutions of previous systems are ¢” +x(0) and +x(0),

However, the second,given fractional dynamic system is stable as 0 <v <a—1, which
implies that fractional-order system may have additional attractive feature over the integer-
order system. Also, in [47], Tarasov proposed that stability is connected to motion changes
at fractional changes of variables where systems which are unstable “in sense of Lyapuov™
can be stable with respect to fractional variations. In 1996, Matignon [48] studied the
following fractional differential system involving Caputo derivative

DX, :%=Ax(t), x(0)=x,, ae(0,1) (64)

where x=(x,%,,....x,) with initial value x, = (x4, Xy, %, ) ,4 € R"" .The stability of

n

the equilibrium of system (64) was first defined and established by Matignon as follows.

Definition 4. The autonomous fractional order system (64) is said to be

(a) stableiff for any x,, there exists & >0 such that (65)
||x|| <g for t20
(b) asymptotically stable iff lim, "x(t)" =0 (66)
Also,Matignon [48] proposed definition of the BIBO stability for fractional differential
system.
Definition 5. An input/output linear fractional system (67)
d’x
= Ax+ Bu, x(0)=x,
T (0) =x, (67)
y=Cx

xeR",yeR"is externally stable or bounded-input bounded-output (BIBO) iff
Yuel” (RﬂR'”), y=h*uel” (R+,R”) which is equivalent to: h e L' (R+,R”X”’) .
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Also, in [49] authors give two definitions of the stability for differential systems with the
Caputo derivative and Riemann-Liouville derivative, respectively. Besides, the
asymptotical stability of higher-dimensional linear fractional differential systems with the
Riemann-Liouville fractional order and Caputo fractional order were studied where the
asymptotical stability theorems were also derived.

Definition 6. The zero solution of the following differential system with the a-th order
Caputo derivative in which 0 < o < 1

Dy, X = AX (68)

is said to be:
(i) Stable, if V& >0,30 >0, when "XO " <0, the solution X(t) to (68) with the initial
condition X(t) = X satisfies ”X(t)” <& forany t>0. (69)
(if) Asymptotically stable, if the zero solution to (68) is stable, and it is locally attractive,
i.e., there exists a 50 such that ”XO” < 50 implies that

lim X (1)] =0 (70)

1>+
Definition 7. The zero solution of the following differential system with the a-th order
Riemann- Liouville derivative in which 0 < o < 1

RLDgftX =AX (71)

is said to be:
(i) Stable, if Ve >0,35>0, when |Xy| <&, the solution X (r) to (71) with the initial

condition [RLD‘{;”_]X([)I:O = X, satisfies
X0 <¢ forany t20. (72)
[x®]

(ii) Asymptotically stable, if the zero solution to (71) is stable, and it is locally attractive,
i.e., there exists a O such that ||X 0” < &, implies that
lim

lim X@)|=0 (73)

Next, one may study the stability of fractional differential systems in two spatial
dimensions, and then study the fractional differential systems with higher dimensions.
Now, it is studied the fractional differential system with the Caputo derivative,

Dy X =4X, ae(0,1), AeR™ (74)

where  fractional derivative« Dy, (..) = ¢ Dy, (..) or g Dy, (..) . They studied the

fractional differential system with the Caputo derivative,as follows:
CDO“JX =A4AX, ae (0,1), AeR™ (75)
Theorem 3. If the real parts of all the eigenvalues of A are negative, then the zero solution

to system (75) is asymptotically stable.
Also for fractional differential system with the Riemann-Liouville derivative

Dy X=4X, ae(0,1), AeR™ (76)

they stated following theorem.
Theorem 4. If the real parts of all the eigenvalues of A are negative, then the zero solution
to system (76) is asymptotically stable.
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A fractional-order linear time invariant system can be represented in the following
pseudostate space form:

d“x(r)
= A0+ Bu() o
(1) = Cx(1)

where the notation d“/dt” indicates the Caputo fractional derivative of fractional
commensurate order &, x€ R",u € R™ and y e R? are pseudo-state, input, and output
vectors of the system, respectively, and A€ R"™" BeR"™" Ce R’ . 1t is worth

mentioning that the state space form Eq. (77) is a pseudo-representation because the
knowledge of vector x at time f=1{, and input vector u(t) for ¢ =1, are not entirely

sufficient to know the behavior of system (77) for #>1,. A fractional-order model is in
fact infinite dimensional, therefore its true state vector should be also infinite dimensional.

Theorem 5[48]: The following autonomous system,(64)
d”x(t)

ta

= Ax(t), x(to):xo, O<a<l (78)

xeR", and A is an nxnmatrix, is asymptotically stable if and only if ‘arg(ﬂ,)‘ sarn/2 1S
satisfied for all eigenvalues (/1) of matrix A. In this case, each component of the states

decays toward 0 such as %. Also, this system is stable if and only if ‘arg(ﬂ)‘ >ar/2 IS

satisfied for all eigenvalues (/1) of matrix A with those critical eigenvalues satisfying
|arg(/1)| =ar /2 have geometric multiplicity of one.

Demonstration of this theorem is based on the computation of state vector of system
||x(t)||<Nfa, t >0,a > 0.response to non-zero initial conditions. However, this result

remains valid whatever the definition used given that for a linear system without delay, an
autonomous system with non-zero initial conditions can be transformed into a non-
autonomous system with null initial condition. Also, the stable and unstable regions for

O<a<1lis shown in Fig. 2 and they denote the stable and unstable regions for

O<a<lby C, and C; , respectively.
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c; stable .
A J(I)

unstable Co

Fig. 2 Stability region of fractional-order linear time invariant system with order 0<a<1

For a minimal realization of (77), Matignon has also demonstrated the following
theorem,[48].

Theorem 6. In [48], consider a system given by the following linear pseudostate space
form with inner dimension n:

dx(t) _
e Ax(t)+ Bu(t), x(0)=x, (79)
y(t) = Cx(1)

where 0 < a <1. Also, assume that the triplet (4,B,C) is minimal. System (79) is bounded-
input bounded-output (BIBO) stable if and only if |arg(/1) > a;r/2| is satisfied for all

eigenvalues A of matrix A. When system (79) is externally stable, each component of its

impulse response behaves like t™° at infinity.
Exponential stability thus cannot be used to characterize asymptotic stability of fractional
systems. A new definition is introduced.

Definition 8. 17 stability
Trajectory x(f) = 0 of system d“x(r)/dt" =f(t,x(t)) (unforced system) is ¢ 7

asymptotically stable if the uniform asymptotic stability condition is met and if there is a
positive real y such that:

V”x(to )"Sc, EiQ(x(tU )) such that V¢ 2>1¢,,

()| < 0 (80)
™7 stability will thus be used to refer to the asymptotic stability of fractional systems.As
the components of the state x(t) slowly decay towards O following ¢ 7, fractional

systems are sometimes called long memory systems.

5. Stability of fractional delay system

In spite of intensive researches, the stability of fractional order (time delay) systems
remains an open problem. As for linear time invariant integer order systems, it is now well
known that stability of a linear fractional order system depends on the location of the
system poles in the complex plane. However, poles location analysis remains a difficult
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task in the general case. For commensurate fractional order systems, powerful criteria have
been proposed. The most well known is Matignon's stability theorem [48]. It permits us to
check the system stability through the location in the complex plane of the dynamic matrix
eigenvalues of the state space like system representation. Matignon's theorem is in fact the
starting point of several results in the field. As we know, due to the presence of the
exponential function e ™ | this equation has an infinite number of roots, which makes the
analytical stability analysis of a time-delay system extremely difficult. In the literature few
theorems are available for stability testing of fractional-delay systems. Almost all of these
theorems are based on the locations of the transfer function poles [24,50] and since there is
no universally applicable analytical method for solving fractional-delay equations in s
domain, the numerical approach is commonly used. In the field of infinite-dimensional
fractional-delay systems most studies are concerned about the stability of a class of

distributed systems whose transfer functions involve s and/or eV ,[51]. Many examples
of fractional differential systems with delay can be found in the literature. Simple examples
such as G(s) = exp(—ax/g )/s, a>0 arising in theory of transmission lines [52], or one can

find in [53] fractional delay systems with transfer function of linked to the heat equation
which leads to transfer functions G(s) such as

cosh(x\/g ) 2¢ "
G(s)=————F, (0<x<1 G(s)=———
(s) \/;Sinh(\/;) ( Sxs ) or G(s) b(l_e_zaxﬁ)

For example, Hotzel [54] presented the stability conditions for fractional-delay systems
with the characteristic equation (as”‘+b)+<cs"+d)e"” =0. Chen and Moore [22]

(82)

analyzed the stability of a class of fractional-delay systems whose characteristic function
can be represented as the product of factors of the form (as+b)r e“ +d =0 where the

parameters a,b,c,d ,and r are all real numbers. In fact, they computed the characteristic
roots of the system using the Lambert W function, which has become a standard library
function of many mathematical software. In other words, they got a stability condition of
(83), given by a transcendent inequality via the Lambert function [22,55]. They considered
the following delayed fractional equation

IO _ g yi-7) (83)
dt? !

where ¢ and Kp are real numbers and 0 < ¢ < 1, time delay 7 is a positive constant and all
the initial values are zeros. We are interested in telling whether the system (10) is stable or
not for a given set of combination of the three parameters: g, Kp and 7. The stability
condition is that for all possible ¢ , 7 and Kp

ER

In inequality,(.) denotes the Lambert function such that W(x)eW(x) =x . However, such

a bound remains analytic and is difficult to use in practice. In paper [55], the application of
Lambert W function to the stability analysis of time-delay systems is re-examined through
actually constructing the root distributions of the derived a transcendental characteristic
equation’s (TCE) of some chosen orders. It is found that the rightmost root of the original
TCE is not necessarily a principal branch Lambert W function solution, and that a derived

59



Third Serbian (28" Yu) Congress on Theoretical and Applied Mechanics
Vlasina lake, Serbia, 5-8 July 2011 P-03

TCE obtained by taking the nth power of the original TCE introduces superfluous roots to
the system. Further, Matignon's theorem has been used in [56] to investigate fractional
differential systems with multiple delays stability. The proposed stability conditions are
based on the root locus of the system characteristic matrix determinant but the proposed
conditions are thus difficult to use in practice. Authors used fractional derivative Caputo
definition of derivative where by using the Laplace transform, it is introduced a
characteristic equation for the above system with multiple time delays. They discovered
that if all roots of the characteristic equation have negative parts, then the equilibrium of the
above linear system with fractional order is Lyapunov globally asymptotical stable if the
equilibrium exist that is almost the same as that of classical differential equations. Namely,
the following n-dimensional linear fractional differential system with multiple time delays:

d*x,(t)
dqllt =a,x(1—7)+a,X%,(—1,) +..+a,x,(—17,,),
d®x, (1)
d2r Ay Xy (1 =Ty) + Ay Xy (E =Ty )+ 0y, X, (1= T, (85)
dqnx t
dqn( ) = anlxl(t_Tnl)+an2x2(t_r;12)+"'+annxn(t_Trm)’
’?t

where ¢; is real and lies in (0,1), the initial values x;(t)=¢;(t) are given for—

max; ; Tj = —Tmax St<0and i=12,..,n. In this system, time-delay matrix
—_ + > 1 1 = .e 1 . . — ..

T= (rij )nxn € (R ) , coefficient matrix A = (a,] )nxn , state variables x; (t),x, (t Tjj ) €R,

and initial values g ()€ C'[~7,4,0]. Its fractional order is defined as

q= (ql,qz,...,qn). If ¢, = q; and 77 =0, i,j=12,...n, then system (85) is actually the

one considered in [56].

a _ =711 _ =712 _ =7y
s" —a, e a,e a,e "
—57321 9 —5T22 ~5T2n
—d, e s —a,,e —-a, e
A(s)=| > (86)
_ —STy| _ —STy2 qn _ —ST,
a,e " a e " s a,.e "

where A(s) denotes a characteristic matrix of system (1) and det(A(s)) a characteristic

polynomial of (86). The distribution of det(A(s)) ’s eigenvalues totally determines the
stability of system (86).

Theorem 7. If all the roots of the characteristic equation det(A(S)) =0 have negative

real parts, then the zero solution of system (1) is Lyapunov globally asymptotically stable.
Ifn =1, then (86) is reduced to the system studied in [56].

Bonnet and Partington [23,24] analyzes the BIBO stability of fractional exponential delay
systems which are of retarded or neutral type. Conditions ensuring stability are given and
these conditions can be expressed in terms of the location of the poles of the system. In
view of constructing robust BIBO stabilizing controllers, explicit expressions of coprime
and B’ezout factors of these systems are determined.Also,they have handled the robust
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stabilization of fractional exponential delay systems of retarded type. The determination of
coprime and B’ezout factors in the case of neutral systems is under study in both cases.

However, all these contributions do not provide universally acceptable practical effective
algebraic criteria or algorithms for testing the stability of a given general fractional delay
system. Although the stability of the given general characteristic equation can be checked
with the Nyquist criterion or the Mikhailov criterion, it becomes sufficiently difficult when
a computer is used since one should find an angle of turn of the frequency response plot for
an infinite variation of the frequency @ . A visual conclusion on stability with respect to the
constructed part of the plot is not practically reliable, since, along with an infinite spiral, the
delay generates loops whose number is infinite. As is evidenced from the literature the lack
of universally acceptable algebraic algorithms for testing the stability of the characteristic
equation has hindered the advance of control system design for fractional delay systems.
This is particularly true in the case of designing fixed-structure fractional-order controller,

e.g., Pl 2pF . On the other side, Hwang and Cheng [57] proposed a numerical algorithm
which use methods that are based on the Cauchy integral theorem and suggested the
modified complex integral in the form of

Ji = J‘ f(s)k ds (87)
—io (S"rhl +ih2) f(lhz)

where #; >0and h, are randomly chosen real constants lying in a specified interval and k

is a positive integer. The randomness of the parameters h1 and h2 makes the probability of
the zero sum of the residues of all poles of the integrand being practically zero. Hence, the
stability of a given fractional-delay system can be achieved by evaluating the integral
J} and comparing its value with zero. Also, the proposed algorithm provides no idea about

the number and the location of unstable poles. In paper [58], an effective numerical
algorithm for determining the location of poles and zeros on the first Riemann sheet is
presented. The proposed method is based on the Rouche’s theorem and can be applied to all
multi-valued transfer functions defined on a Riemann surface with finite number of
Riemann sheets where the origin is a branch point. This covers all practical (finite-
dimensional) fractional-order transfer functions and fractional-delay systems.

5.1 Finite time stability and stabilization of fractional order time delay systems

As we know, the boundedness properties of system responses are very important from the
engineering point of view. That is to say, enable system trajectories to stay within a priori
given sets for the fractional order time-delay systems in state-space form, i.e., system
stability from the non-Lyapunov point of view is considered. From this fact and our the best
knowledge, we firstly introduced and defined finite-time stability for fractional order time
delay systems [26-27, 60,62-63]. We also need the following definitions to analyze the case
of fractional order systems with time-delay from non-Lyapunov point of view. First, we
introduce the same order fractional differential system with time-delay (88) as well as
multiple time delays (90) represented by the following differential equations:

“ d“x(t)
*Dmx(t) =—=
dt
with the associated function of initial state:

= AX()+ AX(-T)+ Bu(t), O<a<l, (88)
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X(t, +1) =y (1) e C[-7,0], —7<r<0. (89)
Moreover, it is shown in [26] that fractional-order time delay state space model of PD*
control of Newcastle robot can be presented by (88) in state space form. Here, .D, (.)
denotes either Caputo fractional derivative .D,, (.)or Riemann-Liouville fractional
derivative , D;, (.). Also, fractional differential system with multiple time delays can be
presented as follows:
d x(t)
dr

0<r <r,<.<r<.<7,=A

DE x(1)= A,X(1) +ZAix(t—rl.) +Bu(t), 0<a<l,
i=1

(90)

with the associated function of initial state:

x(t,+1) =y, (1) e C[-A,0], —7<1<0. 1)
and where 4,(i =0,1,...,m), B, are constant system matrices of appropriate dimensions, and
7, >0 (i=1,2,...,m) are pure time delays.
Definition 9.[59] System given by (88), (u(t)=0) satisfying initial condition (89) is finite
stable w.r.t {to A 5,5,1’}, O <& ifand only if:

v
implies: ||x(t)|| <& , Vted, (93)
Definition 10.[59] System given by (90), (u(t) = 0 ) satisfying initial condition (91) is finite
stable w.r.t {to J, 5,5,A}, 8 < ¢ if and only if:

vl <o, 92)

v.|.<8 Viedy, J,=[-A0]eR, (94)
v el [-4.0]

implies: ||x(t)|| <&, Vteld, 95)
Definition 11.[27,62]System given by (90) satisfying initial condition (91) is finite stable
wrt {8,6,a,,A,t,,J.}, §<& ifandonly if:

il <6, Vieds, Ja=[-A0]eR (96)
and

luo|<e, . Vted, a,>0 (97)
imply:

Ixw|<e . vieJs (98)

Also, nonlinear fractional differential system with time delay in state and control can be
presented as follows:
“ d“x(t)
Dy x(1) = Y = AX(@)+ AX(t=7)+Bu()+ B u(t—7)+

+i ff(x(t))Jrifj(x(t—r)), O<a<l,

99)
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and with associated function of initial state and control:
X@) =y (1), u@®)=wy, (), -7<t<0 (100)

Equation (99) is referred to as nonlinear nonhomogenous state equation, A, 4;,B, and
B are constant system matrices of appropriate dimensions, and vector functions
firf j.i=Ln,j=1,m present nonlinear parameter perturbations of system in respect to
X(t) and X(t—7) respectively.

Definition 12: System given by (99) satisfying initial condition (100) is finite stable w.r.t
{5,5,au,a0,t0 ,J,}, o0 <& ifandonly if:

vile <o ule <ao (101)
luo|<a, . vies (102)
imply: "X(l‘)" <¢ , Vteld (103)

In what follows, we introduce the sufficient conditions on finite-time stability. In [59], we
considered the fractional time-delay systems (88),(90) in the case of u(t) =0.

Theorem 8.(A) Autonomous system given by (88) satisfying initial condition (89) is finite
time stable w.r.t. {5,8, T,t, ,J,} , 0 <e¢&, ifthe following condition is satisfied:

4 | g )
HM e T <ol Vield. (104)
I'(a+1)

where G, . (.) being the largest singular value of matrix (), namely:

O-A :O-max (A0)+O-max(A])’ (105)

and F(. ) is the Euler's gamma function.

B) Autonomous system given by (90) satisfying initial condition (91) is finite time stable
w.rt{8,6,At,,J.}, 8 <&, if the following condition is satisfied:

A ( )0’ ngax (-10)*

t—t oy

[HUZ;*‘E—S} M) <grs, Vied. (106)
a+

where oé\max(.):Zo—i (A;) of matrices 4;, i=0,1,2,..,n. where G, (.) being the

largest singular value of matrix A4;,i=0,12,...,n.
The above stability results for linear time-delay fractional differential systems were derived

by applying Bellman -Gronwall’s inequality. In that way, one can check system stability

over finite time interval.
Remark 1[60]: If o =1, case A, one can obtain same conditions which related to integer
order time delay systems (1) as follows:
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A R\ o (1=1)"
{n_"max(lf fo).].e I <els, Vied, T(2)=1 (107)

For the nonautonomous case,Zhang [61] also considered the following initial value
problem

w Do x (1) = Ax()+ Ax(t =)+ f(1), 120; x(t)=4¢(t), t€[-7,0] (108)
where 0 <a <1, ¢ is a given continuous function on [-t, 0], 4yand 4, are constant
system matrices of appropriate dimensions, and 7z is a constant with >0. The
system is defined over time interval J :[O,T] , where T is a positive number, f{t) is
a given continuous function on [0, T]. Similarly, the sufficient conditions of finite-

time stability were derived by applying Bellman-Gronwall’s inequality.

Theorem 9. System given by (108) satisfying initial condition is finite-time stable
w.r.t {0, J, 6, € t}, 0 <g, if the following condition is satisfied.:

A a
M + t* Hinax (177)
%@ e cg)s Vied, (109)
o+

Where M >||f]/|¢]. and T(.)is the Euler’s gamma function, |[¢] = sup_,<g<o ||¢(0)||

4
Hmax = Hmax (AO)+ Hmax (Al )7 M = Hmax (Al) :
In paper [62], we considered a class of fractional non-linear perturbed autonomous system
with time delay described by the state space equation:

d;;(a(’) = (Ay + A4 ) X(O)+ (A + A4 ) X(E—7)+ f, (X(2)), (110

with the initial functions (89)of the system and vector functions f, satisfied (34).

Theorem 10. Nonlinear perturbed autonomous system given by (110) satisfying initial
condition (89) and (34) is finite time stable w.r.t. {5, &,t, ,J,} , 0<e¢g,if the following

condition is satisfied:

AN

-1

[1+M]e [(a+1) <gld, Vted, (111)
[(a+1)

whereT'(.) Euler's gamma function, and f,c, =0 1o+ Va4 +Co» Opia = O a1 +Vas, >

My = Hyoco T O 4105000 < Vado> Taal < Vaar-
Remark 2: If we have no perturbed system AA, =0,AA, =0,f,(x(t)) =0 one can obtain
same conditions which related to Theorem 7.
Further, paper [63] presents natural extension of the our paper [59] where it is obtained

new stability criteria for nonautonomous fractional order time delay system (88).
Theorem 11. Nonautonomous system given by (88) satisfying initial condition (89) is

finite time stable w.r.t. {J,¢,a,,a.t,,J,}, 6 <e,if the following condition is satisfied:

us
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4 C’r‘?lax -10)*

L G (026)7 ] PG 00 s s a)
I(a+1) I(a+1)

where y" =b,a, /0, ||BO|| =b,.
Remark 3. If o =1, one can obtain same conditions which related to integer order time
delay systems (31), B, =0 as follows, [18]:

A 1 s (1)’ 1
1—1 e 07 -
{HM} I +y’@sg/5, VieJ, T2)=1 (113)

Moreover, in same paper [63], it is proposed finite time stability criteria for a class of
fractional non-linear nonautonomous system with time delay in state and in control as
follows:

dd;f’) = A X(0)+ A X(1 —7) + Bu(t) + BU(t —7) + f, (X(1))+ £, (x(r=7)), (114)
with the initial functions (99) of the system and vector functions f, f; satisfied (34).
Theorem 12: Nonlinear nonautonomous system given by (114) satisfying initial condition
(99) is finite time stable w.r.t. {5, g,a

ay,t,,J ,}, 0<¢,if the following condition is

u?

satisfied: (115)
o -ty ) T (=) (o)

1+ max c01 0 e T(a+l) + u0 0 + ul 0 + o < 8/5, VteJ
F(a+1) F(a+l) F(a+l) F(a+1)

where y°,=a,by /8, ¥y =a,b /6, ¥y =ayb /5.

Recently, we studied and reported in paper,[27] finite-time stability analysis of linear
fractional order single time delay systems where a Bellman-Gronwall's approach is
proposed, using as the starting point a recently obtained generalized Gronwall inequality
reported in [28].

Theorem 13. The linear nonautonomous system given by (88) satisfying initial condition
x(1) =y, (t), =7 <t <0 is finite time stable w.r.t. {J,£,a,,Jy,}, <&, if the following
condition is satisfied:

. a

O-max t“ a }/ut _
[1+WO_:_1)JEQ<O-HBXOJ )"Fﬁﬁé‘/é‘, thJO—{O,T}, (116)

where y°,,=a,b)/6, and o,, () being the largest singular value of matrix (.),

where: o, o1 = O (4 )+ O (4)  and  E, (.) denotes Mittag-Leffler function (see

max 01
Appendix).
Remark 4. If o =1, one can obtain same conditions which related to integer order time
delay systems (31), B; =0 as follows [18]:
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ot (t—t )| ofaxe-)! t—1)
1+M e | +7/QS6/5, Viel, I'(2)=1,
1 . (117)

E _(z)=¢
Theorem 14. The linear autonomous system given by Eq. (88) B, =0, satisfying initial

condition x(t)=w,(t), —7<t<0 is finite time stable w.r.t. {5,8,J0,}, o<e, if the

following condition is satisfied:

a
[1+%]Ea(ammﬂ)s£/a, Vieldy, (118)

Remark 5. In same manner, one may conclude that if « =1, see (21), it follows same
conditions [60],Eq. (107) which relate to integer order time delay systems (29).

5.2 An illustrative example

Using a Time-Delay PD® compensator on a linear system of equations with respect to the
small perturbation e(¢) = y(#)— y;(¢) , one may obtain:

&(t) + welt) = K pe(t — ) + K pdd ) (¢ = 7)1 dt® +u(r), (119)
where: a=1/2,w=2, K,=3,Kp= 4,u(t) -feedforward control. Also, all initial values

are zeros. Introducing: x;(¢) =e(?), x,(¢) = d" 2e(t)/ dr'’? ,one may write (119) in state-

space form, x(r) = (x;,x, )T :

2o |0 Tx@ ] [0 0 x@-7)| [0
b X(t){—z o}{xz(t)}{s 4}Lz(t—r)}{1}”(o’ (120)

with an associated function of the initial state: x(¢) =y, (t)=0, —7<¢<0. Now, we can
check the finite time stability wrs {to =0,7={0,2},6=0.1,£=100,7=0.1,, = 1}, where
v, (1)=0, Vi €[-0.1,0] . From the initial data and the Eq.(120) it yields:

s @] <01, Omax (49) = 2.0 max (41) =5, = Omaxoy =7 (121)

Applying the condition of the Theorem 13 (116) one can get:

0.5 .05
1+—7Te -E05(7Te0'5)+10 % <100/0.1 =T, ~0.1s. (122)
0.886 | 0.886

T, being “estimated time” of finite time stability.

Conclusion

In this paper, we have studied and presented the finite time stability of perturbed
(non)linear fractional order time delay systems. We have employed the “classical” and the
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generalization of Gronwall Belmann lemma to obtain finite time stability criteria for
proposed class of time delay system. Also, they are presented some basic results on the
stability of fractional order time delay systems as well as free delay systems. Finally, a
numerical example is given to illustrate the validity of the proposed procedure.

Acknowledgement. This work is partially supported by EUREKA program- E!4930 and
the Ministry of Science and Environmental Protection of Republic of Serbia as
Fundamental Research Project 41006 and 35006.

Appendix

Mittag-Leffler Function

Similar to the exponential function frequently used in the solutions of integer-order
systems, a function frequently used in the solutions of fractional-order systems is the
Mittag-Leffler function defined as

© k

z

E ()= —" (A1)
( ) kZ;‘ r (ka + 1)

where @ >0 and z e C. The Mittag-Leffler function with two parameters appears most

frequently and has the following form

0

Ea,ﬂ(2)=;—r(ka+ﬂ), (A2)

where & >0, #>0,and zeC.For f=1 weobtain E, (z)=E,(z) and E (z)=¢°
Lemma (Gronwall Inequality).

Suppose that g(r) and ¢(t)are continuous in [f,,7],g(¢)>0,A>0 and r>0 are two
constants. If

o)< 2+ [[g(s)o(s)+r]ds (A3)

then o) < (r+r(t —to))epr[g(s)]dsJ, ty<t<t, A4)

Theorem A ([28] Generalized Gronwall inequality) Suppose x(t¢),a(t) are nonnegative
and local integrable on 0<¢ < T, some T <+o0,and g(¢) is a nonnegative, nondecreasing

continuous function definedon 0<¢ <7, g(t) <M =const , >0 with

x(t) < a(t) + g(t)J(t —5)"" x(s)ds (A5)

on this interval. Then
t

x(1) < a(t) + J' i%(t—s)m_la(s) ds, 0<t<T (A6)
no

o| n=1
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Corollary 2.1 of (Theorem A) [28] Under the hypothesis of Theorem 2.2, let a(¢) be a

nondecreasing function on [O,T ) . Then holds:

x(t)<a@)E, (g(t)l"(oc)t“)

(A7)
References
[1] Zavarei M., Jamshidi M.(1987),Time-Delay Systems: Analysis,Optimization and Applications,North-Holland,
Amsterdam.

[2] Gorecki H., Fuksa, S., Grabowski, P., and Korytowski, A., (1989), Analysis and Synthesis of Time Delay
Systems, John Wiley and Sons, PWN-Polish Scientific Publishers-Warszawa.

[3] Bellman, R.,Cooke, K. L., (1963), Differential-Difference Equations, Academic Press, New York.

[4] Lee, T.N., Diant T.S.,(1981), Stability of Time Delay Systems, IEEE Trans. Automat. Cont. AC31(3) 951 953.

[5] Mori,T.:,(1985),Criteria for Asymptotic Stability of Linear Time Delay Systems, /EEE Trans. Automat.
Control, AC-30, 158-161.

[6] Hmamed,A.,(1986), On the Stability of Time Delay Systems: New Results, Int. J. Control 43, (1),321-324.

[7] Chen,J., Xu,D., Shafai,B.,(1995), On Sufficient Conditions for Stability Independent of Delay, /EEE Trans.
Automat Control AC-40 (9) 1675-1680.

[8] La Salle, Lefschet S.(1961), Stability by Lyapunov’s Direct Method,Academic Press, New York.

[9] Weiss, L., F. Infante, (1965),0n the Stability of Systems Defined over Finite Time Interval. Proc. National
Acad. Science 54(1). 44-48.

[10] Gruji¢, Lj. T.,(1975a),Non-Lyapunov Stability Analysis of Large-Scale Systems on Time-Varying Sets. /nt.
J. Control 21(3),401-405.

[11] Gruji¢, Lj. T.,(1975b),Practical Stability with Settling Time on Composite Systems, Automatika, T.P. 9,1.

[12]Lashirer, A. M., C. Story, (1972),Final-Stability with Applications, J. Inst. Math. Appl., 9, 379-410,1972.

[13]Lam,L., L.Weiss,(1974),Finite Time Stability with Respect to Time-Varying Sets,J. Franklin Inst., 9,415-421.

[14] Amato F., M. Ariola, and P. Dorato,(2001)Finite-time control of linear subject to parametric uncertainties and
disturbances,Automatica (IFAC),Vol. 37,pp. 1459-1463.

[15] Amato F.,M. Ariola, and P. Dorato,(2007),Finite-time stabilization via dynamic output feedback, Automatica
(IFAC),Vol. 42, 337-342.

[16]Debeljkovi¢, D. Lj, Lazarevi¢ M. P., Dj. Koruga, S. Tomasevi¢,(1997),0n Practical Stability of Time Delay
System Under Perturbing Forces,AMSE 97, Melbourne, Australia,October 29-31, 447-450.

[17] Debeljkovi¢ D. Lj., M. Lazarevi¢, S. Milinkovi¢ and M. Jovanovi¢, (1998),Finite Time Stability Analysis of
Linear Time Delay System: Bellman-Gronwall Approach, /FAC International Workshop Linear Time
Delay Systems, Grenoble,6-7 July,France, pp.171-176.

[18]Debeljkovi¢, Lj. D., Lazarevi¢, M. P. et. a.,(2001),Further Results On Non-Lyapunov Stability of the Linear
Nonautonomous Systems with Delayed State,Journal Facta Uversitatis,Vol.3,No 11,231-241,Ni§, Serbia.

[19] Moulaya E.,M. Dambrineb,N. Yeganefarc,and W Perruquettic,(2008), Finite-time stability and stabilization
of time-delay systems,Systems & Control Letters, 57, pp. 561-566.

[20]Matignon, D.,(1996),Stability result on fractional differential equations with applications to control
processing. In IMACS - SMC Proceeding, July, Lille, France, 963- 968.

[21]Matignon,D.,(1998),Stability properties for generalized fractional differential systems, ESAIM: Proceedings,
5: 145 — 158, December.

[22]Chen, Y. Q., Moore K.L.,(2002), Analytical Stability Bound for a Class of Delayed Fractional-Order Dynamic
Systems, Nonlinear Dynamics, Vol.29: 191-202.

[23]Bonnet C., J.R Partington,(2001)Stabilization of fractional exponential systems including delays,Kybernetika,
37,pp-345-353.

[24]Bonnet C., J.R Partington,(2002),Analysis of fractional delay systems of retarded and neutral type,
Automatica, 38, pp.1133-1138.

[25]Hotzel, R., Fliess M.,(1998),0n linear systems with a fractional derivation: Introductory theory and examples,
Mathematics and Computers in Simulations,45 385-395.

[26] Lazarevi¢,M., (2006),Finite time stability analysis of PD* fractional control of robotic time-delay systems,
Mechanics Research Communications,33, 269-279.

[27]Lazarevi¢ M., A.Spasi¢, (2009),Finite-Time Stability Analysis of Fractional Order Time Delay Systems:
Gronwall's Approach, Mathematical and Computer Modelling.

[28]H. Ye., J.Gao., Y. Ding.,(2007),A generalized Gronwall inequality and its application to a fractional
differential equation, J. Math. Anal. Appl. 328 ,1075-1081.

[29] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, (2006),Theory and applications of Fractional Differential
equations, edited by J.V. Mill (Elsevier, Amsterdam.

68



Third Serbian (28" Yu) Congress on Theoretical and Applied Mechanics
Vlasina lake, Serbia, 5-8 July 2011 P-03

[30] Lacroix, S.F., (1819),Traite Du Calcul Differential et du Calcul Integral,2" Vol .3 Paris Courcier,409-410.

[31] Fourier J. (1822),Théorie analytique de la chaleur. Paris.

[32] R. Gorenflo, S. Vessella, (1991),4bel Integral Equations: Analysis and Applications, Lecture Notes in
Mathematics (Springer, Berlin Heidelberg).

[33]N.H. Abel, Mag. (1823),Naturvidenskaberne 1, 11.

[34]L. Tonelli, (1928),Su un problema di AbelAnna. Math. 99, 183.

[35]Liouville, J.(1832),Memoire sur quelques questions e geometrie ¢ de mecanique, et sur un noveaux genre de
calcul pour resoudre ces questions. J. ['Ecole Roy.Polytechn., 13, Sect. 21, 1-69.

[36]Liouville, J. (1832),Memoire sur le calcul des dierentielles pa indice quelcon-ques. J. /'Ecole Roy. Polytechn.,
13, Sect. 21, 71-162.

[37] B. Riemann, (1876),Gesamm. Math. Werke Wissensch. 331.

[38] Caputo M., (1967),Linear models of dissipation whose Q is almost frequency independent. Part II. J Roy
Austral Soc. ;13:529-539.

[39] AK. Grunwald,(1867), Z. Angew. Math. Phys. 12, 441.

[40] A.V. Letnikov,(1868), Theory of differentiation offractional order,Matr. Sb. 3, 1.

[41]Podlubny, 1. (1999), Fractional Differential Equations, Academic Press, San Diego.

[42] Desoer,C. A., M. Vidysagar,(1975), Feedback System:Input-Output Properties, Academic Press,New York .

[43]Debeljkovi¢, D. Lj, Lazarevi¢ M. P., Dj. Koruga, S. Tomasevi¢, (1997),0n Practical Stability of Time Delay
System Under Perturbing Forces,AMSE 97, Melbourne, Australia,October 29-31, 447-450.

[44]Debeljkovié, Lj. D., Lazarevi¢ M. P. et. al (2001), Further Results On Non-Lyapunov Stability of the Linear
Nonautonomous Systems with Delayed State, Journal Facta Uversitatis,Vol.3,No 11, 231-241, Nis,
Serbia,Yugoslavia.

[45] C.P.Li and W.H. Deng ,(2007), Remarks on fractional derivatives, Applied Mathematics and Computation,
187, 777-784.

[46]Y. Li, Y.Quan Chen, I. Podlubny,(2010), Stability of fractional-order nonlinear dynamic systems: Lyapunov
direct method and generalized Mittag Leffler stability, Computers and Mathematics with Applications, 59.
pp. 1810-1821.

[47]V.E. Tarasov,(2007), Fractional stability, arXiv.org>physics> http://arxiv.org/abs/0711.2117.

[48]Matignon, D., (1996)Stability Results for Fractional Differential Equations With Applications to Control
Processing, Computational Engineering in Systems and Application Multi-Conference, IMACS, IEEE-
SMC Proceedings, Lille, France, Vol. 2, pp. 963-968.

[49]LI Chang-pin , Zhao Zhen-gang ,(2009),Asymptotical stability analysis of linear fractional differential
systems, J Shanghai Univ (Engl Ed), 13(3): 197-206

[50]D. Matignon,(1994), Repr ‘esentations en variables d’"etat de modeles de guides d’ondes avec d’erivation
fractionnaire. Th'ese de doctorat, Univ. Paris XI,.

[51] Ozturk N, Uraz A.(1985), An analytic stability test for a certain class of distributed parameter systems with
delay, /IEEE Transactions on CAS ,32(4):393-39.

[52] Weber E,(1956), Linear Transient Analysis. Volume II. Wiley, New York .

[53] Loiseau J. and H. Mounier,(1998), Stabilisation de 1’ "equation de la chaleur commandee en flux. Syst'emes
Diff"erentiels Fractionnaires, Mod'eles, Methodes et Applications.ESAIM Proceedings 5 , 131-144.

[54]Hotzel R.(1998), Some stability conditions for fractional delay systems. Journal of Mathematical Systems,
Estimation, and Control,8(4):1-19.

[55]Chyi Hwang and Yi-Cheng Cheng, (2005),Use of Lambert W Function to Stability Analysis of Time-Delay
Systems, ACC2005. June 8-10, 2005. Portland, OR, USA,pp 4283-4288.

[56] Deng W, C. Li, J. Lu,(2007), Stability analysis of linear fractional differential system with multiple time
delay, Nonlinear Dynamics 48, 409-416.

[57]Hwang C, Cheng Y-C, (2006) A numerical algorithm for stability testing of fractional delay systems.
Automatica 42:825-831

[58]Farshad Merrikh-Bayat, (2007),New Trends in Nanotechnology and Fractional Calculus
Applications,chapter , Stability of Fractional-Delay Systems:A Practical Approach,pp 163-170.

[59]Lazarevi¢ M., D.Debeljkovié¢,(2005),Finite Time Stability Analysis of Linear Autonomous Fractional Order
Systems with Delayed State,4sian Journal of Control,Vol.7, No.4.

[60] Lazarevi¢ M, Debeljkovi¢,Lj.D., Nenadi¢,Z.Lj. and Milinkovi¢,SA,(2000), Finite Time Stability of Time
Delay Systems, IMA Journal of Math. Cont. and Inf. 17, 101-109.

[61] ZhangX.,(2008),Some results of linear fractional order time-delay system,Appl. Math. Comput.197, 407-411.

[62] Lazarevi¢ M., D. Debeljkovi¢,(2008), Robust Finite Time Stability of Nonlinear Fractional Order Time Delay
Systems, International Journal of Information and Systems Sciences,Vol.4.No.2, pp.301-315.

[63] Lazarevi¢ P. M.(2007), On finite time stability of nonautonomous fractional order time delay systems, Int.
Journal: Problems of Nonlinear Analysis in Engineering Systems, 1(27),pp.123-148.

69


http://arxiv.org/abs/0711.2117

Third Serbian(28" Yu) Congress on Theoretical and Applied Mechanics
Vlasina lake, Serbia, 5-8 July 2011 P-04

INTERACTION OF EIGENVALUES WITH
APPLICATIONS IN MECHANICS AND PHYSICS

Alexander P. Seyranian

Institute of Mechanics

Lomonosov Moscow State University
Russia

e-mail:seyran@imec.msu.ru

Abstract. This is a review paper presenting a general theory of interaction of eigenvalues
of complex matrices of an arbitrary dimension depending on real parameters. The cases of
weak and strong interaction are distinguished and their geometric interpretation in two and
three-dimensional spaces is given. General asymptotic formulae for eigenvalue surfaces near
diabolic and exceptional points are presented demonstrating crossing and avoided crossing
scenarios. A physical example on propagation of light in a homogeneous non-magnetic crystal
illustrates effectiveness and accuracy of the presented theory. As applications in mechanics
stability problems for a pendulum with periodically varying length and stabilization effect for

a buckled elastic rod by longitudinal vibrations are considered.

Keywords: Coupling of eigenvalues, stability problems, physics, mechanics.

1. Introduction

The behavior of eigenvalues of matrices and differential operators dependent on parameters is
a problem of general interest having many important applications in natural and engineering
sciences. In modern physics, e.g. quantum mechanics, crystal optics, physical chemistry,
acoustics and mechanics, singular points of matrix spectra associated with specific effects
have attracted great interest of researchers since the papers [15] and [14]. These are the points
where matrices possess multiple eigenvalues. In applications the case of double eigenvalues
is the most important. With a change of parameters, coupling and decoupling of eigenvalues
with crossing and avoided crossing scenarios occur. In recent papers two important cases
are distinguished: the diabolic points (DPs) and the exceptional points (EPs). From the
mathematical point of view DP is a point where the eigenvalues coalesce (become double),
while corresponding eigenvectors remain different (linearly independent); and EP is a point
where both eigenvalues and eigenvectors merge forming a Jordan block. Both the DP and
EP cases are interesting in applications and were observed in experiments. In early studies
only real and Hermitian matrices were considered while modern physical systems require the
study of complex symmetric and non-symmetric matrices.

In this paper we present the results on interaction of eigenvalues of complex matrices of
arbitrary dimension smoothly depending on multiple real parameters. Two essential cases of
weak and strong coupling based on a Jordan form of the system matrix are distinguished.
These two cases correspond to diabolic and exceptional points, respectively. We derive
general formulae describing coupling and decoupling of eigenvalues, crossing and avoided
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crossingof eigervalue surfaces. We present typical (generic) pictures showing the movement
of eigenvalues, the eigenvalue surfaces and their cross-sections. It is emphasized that the
theory of coupling of eigenvalues of complex matrices gives not only qualitative, but also
guantitative results on the behavior of eigenvalues based only on the information taken at the
singular points.

Interaction of eigenvalues for real matrices depending on multiple parameters with
mechanical applications is given in the book [10] where significant mechanical effects related
to diabolic and exceptional points were studied. These include transference of instability
between eigenvalue branches, bimodal solutions in optimal structures under stability
constraints, flutter and divergence instabilities in undamped nonconservative systems, effect
of gyroscopic stabilization, destabilization of a nonconservative system by infinitely small
damping, which were described and explained from the point of view of coupling of
eigenvalues. The presented theory for complex matrices is based on the papers [9, 4].

The paper is organized as follows. In section 2 we present general results on weak and
strong interaction of eigenvalues of complex matrices depending on parameters. These two
cases correspond to the study of eigenvalue behavior near diabolic and exceptional points.
Section 3 is devoted to a physical example of propagation of light in a homogeneous non-
magnetic crystal. Section 4 presents applications in mechanics, and the conclusion is given
in section 5.

2. Interaction of Eigenvalues

Let us consider the eigenvalue problem
Au = Au 1)

for ageneralm x m comple matrix A smoothly depending on a vector mfeal parameters
p=(p1,...,Pn). Assume that, ap = po, the eigenvalue coupling occurs, i.e., the matrix
Ao = A(po) has an eigenvalugy of multiplicity 2 as a root of the characteristic equation
det(Ao — Agl) = O; | is the identity matrix. This double eigenvalue can have one or
two linearly independent eigenvectars which determine the geometric multiplicity. The
eigenvalue problem adjoint to (1) is

A*v=nv, (2

whereA* = A" is the adjointmatrix operator (Hermitian transpose). The eigenvaluesd
n of problems (1) and (2) are complex conjugate= A.

Double eigervalues appear at sets in parameter space, whose codimensions depend
on the matrix type and the degeneracy (EP or DP). In this paper we analyze general
(nonsymmetric) complex matrices. The EP degeneracy is the most typical for this type
of matrices. In comparison with EP, the DP degeneracy is a rare phenomenon in systems
described by general complex matrices. However, some nongeneric situations may be
interesting from the physical point of view. As an example, we mention complex non-
Hermitian perturbations of symmetric two-parameter real matrices, when the eigenvalue
surfaces have coffee-filter singularity.
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Let us considera smooth perturbation of parameters in the fgora= p(g), where
p(0) = po ande is a small real number. For the perturbed mafix A(p(g)), we have

A =Ag+ €A1+ 3€2A,+0(€2),
2 JAdp
dp. de’ 3)

N A%y O ﬁZA dpdp;
Zldp. d82 Ijzldp.zi?pJ de de -’

Ao=A(po), A1=

The double eigervalue Ay generally splits intoa pair of simple eigenvalues under the
perturbation. Asymptotic formulae for these eigenvalues and corresponding eigenvectors
contain integer or fractional powers of

2.1. Weaknteraction of Eigenvalues

Let usconsiderthe interaction of eigenvalues in the caségfvith two linearly independent
eigenectorsu; andu. This interaction point is known as a diabolic point. Let us denote
by v; andv, two eigenvectors of the complex conjugate eigenvajue A for the adjoint
eigenalue problem (2) satisfying the normalization conditions

(ug,v1) = (Uz,v2) = 1,
(4)
(uz,v2) = (uz,v1) =0,
where (u,v) = S, uiV; denotesthe Hermitian inner product. Conditions (4) define the
unique vectors; andv; for givenuy andus,.
For nonzero smal, the two eigenvalues, andA_ resulting from thebifurcation ofAg
and the correspondirgjgenvectorsi.. are given by

Ar = Ao+ HrE+0(E),
(5)

Ur = axpUg+ Bruz+0(1).
Thecoeficientsu., a., andfB. are found from the X 2 eigewalue problem, see e.g. [10]

(A1ug,v1) (Aguz,v1) a- a-
= Mt : (6)
(A1u1,Vv2)  (A1uUz,V2) B B
Solvingthe characteristiequation for (6), we find

_ (Aau1,v1)+(AqU2,v2)
2

v/DZ+ (A1u1, Vo) (A1up, V1), (7)

+

D = 3((A1uz,v1)—(A1Up,V2)).

We note that for Hermitian matrice®\ one can takes; = u; andv, = uy in (6), where
the eigenvectors; andu; are chosen satisfying the conditiofis;, u1) = (uz,u2) = 1 and
(ug,u2) = 0, and obtain the well-known formula.
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ImA ImA

Figure 1. Eigervalue interaction: (a) weak, (b) strong.

As the parameter vector passes the interaction jpgiatong the curve(g) in parameter
space, theigenvaluegd . andA_ change smoothly and cross each otheYpasee Figure 1a.
At the same time, the corresponding eigenvectorsand u_ remain different (linearly
independent) at all values &fincluding the pointpg. We call this interactiorweak. By
means of eigenvectors, the eigenvaldgsre well distinguished during the weak interaction.

We emphasizthat despite the eigenvalugs and the eigenvectors. dependsmoothly
ona single parameter, they are non-differentiable functions of multiple parametefséai
the sensef Frechét.

2.2. Strong Interaction of Eigenvalues

Let us considerinteraction of eigenvalues @ with a double eigenvalugg possessing a
single eigemectorug. This case corresponds to the exceptional point. The second vector of
the invariant subspace correspondingAtois called an associated vector (also calleda
generalized eigenvector; it is determined by the equation
Aguz = Aguz + Ug. (8)
An eigervectorvg and an associated vector of the matrixA* are determined by
AgVo=AoVo, Ajvi=Aovi+Vo,
9)
(Ug,vo) =1, (ug,v1)=0,
wherethelasttwo equations are the normalization conditions determimg@ndv; uniquely
for a givenus.
Bifurcation of A into two eigenvalued. and the corresponding eigenvectors are
describeddy, see [10]

Ar = Aot /1€ + o€+ 0(€),
Ur =UgZEU1/U1E (10)

+(Uguo + pous — G 1Aug) e +0(¢),
whereG = Ag — Aol +uyvi. The coefficientg, andpy are

H1 = (A1Uo, Vo),
(11)
2 = ((A1uo,Vv1) + (A1u1,Vo)) /2.
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With a change ofe from negative to positive values, the two eigenvaldesapproach,
collide with infinite speed (derivative with respect gotends to infinity) atAg, and diverge
in the perpendicular direction, see Figure 1b. The eigenvectors interact too =A1, they
mergeto ug up to a scalar complex factor. At nonzezpthe eigenvectora.. differ from ug
by the leading terrtuy /[ €. This term takes the purely imaginary faci@se changes the
sign, forexample altering from negative to positive values.

We call such an interaction of eigenvaluessagong An exciting feature of the strong
interaction is that the two eigenvalues cannot be distinguished after the interaction. Indeed,
there is no natural rule telling how the eigenvalues before interaction correspond to those
after the interaction.

3. Applications in Physics

As a physical example, we consider propagation of light in a homogeneous non-magnetic
crystal in the general case when the crystal possesses natural optical activity (chirality)
and dichroism (absorption) in addition to biaxial birefringence, see [2] for the general
formulation. The optical properties of the crystal are characterized by the inverse dielectric
tensorn. The vectors of electric fiel# and displacemerid arerelated a€ = nD [5]. The
tensorn is described by a non-Hermitian complex matrix. The electric fe&thd magnetic

field H in the crystal are determined by Maxwell’s equations

10H 10D
rotE = ————, rotH=-—— 12
cot’ cat’ (12)
wheret is time andc is the speed of light in vacuum.
A monochromatic plane wave of frequenmythat propagates in a direction specified by
a realunit vectors = (s, %, s3) has the form
D(r,t) =D(s) expiw(@sTr —t)
(13)
_ i o NG ST
H(r,t) =H(s) explw(Ts r —t) )
wheren(s)is arefractive index, and = (x1,%2,X3) is the real vector of spatial coordinates.
Substituting the wave (13) into Maxwell’s equations (12), we find

H =n[s,nD], D= —n|s,H], (14)

wheresquarebraclets indicate cross product of vectors [5]. Then we obtain an eigenvalue
problem for the complex non-Hermitian mats) dependent on the vector of parameters
s=(s1,%,%):

Au=Au, A(s)=(I—ss)n(s), (15)

whereA —2, u = D, andl is theidentity matrix. Multiplying the matriXA by the vectos from
the left we conclude that A = 0, i.e., the vectosis the left eigenvector with the eigenvalue
A =0. Zero eigenvalue always exists, because detd' ) = 0, if ||s|| = 1.

The matrix A(s) defined by equation (15) is a product of the matrix ss' and the
inverse dielectric tenson(s). The symmetric part off constitutes the anisotrgpensor
describing the birefringence of the crystal. It is represented by the complex symmetric
matrix U, which is independent of the vector of parameterfhe antisymmetric part af is
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determinedby the optical activity vectog(s) = (@1,0z,93), describing the chirality (optical
activity) of the crystal. It is represented by the skew-symmetric matrix

0 -3 o
-0 % 0

The vectorg is given by the expressiog(s) = ys, wherey is the optical activity tensor
represented bg symmetric complex matrix. Thus, the matf@Xs) depends linearly on the
parameters;, S, S3.

In the presentormulation, the problem was studied in [2]. Below we present a specific
numerical example in case of a non-diagonal magrifor which the structure of singularities
wasnot fully investigated. Unlike [2], where the reduction to two dimensions was carried
out, we work with the three-dimensional form of problem (15). Our intention here is to give
guidelines for using our theory by means of the relatively simpte83natrix family, keeping
in mind that the main area of applications would be higher dimensional problems.

For numericalexample, we choose the inverse dielectric tensor in the form

3 00 01 2 0 -s1 O
n=(010]+il 1 0 O0|+i]l o2 0 —S3 a7
0 0 2 2 00 0 s O

wheresg = /1— s — 3. The crystaldefined by (17) is dichroic and optically active with
the non-diagonal matriy. Whens; = 0 ands, = 0 the spectrum of the matri& consists
of the double eigenvalugy = 2 and the simpleero eigenvalue. The double eigenvalue
possesses the eigenvectags vo, and associated vectous, vi. Calculating the derivatives
of the matrixA(s;,s) at the pointsy = (0,0,1) and substituting it together with the vectors
of Jordan chaingg, u; andvy, v; yields the vector§, g andh, r as

f=(0,4), g=(—4,0), h=(0,0), r =(—4,0). (18)

With these vectors we find from the approximations of the eigensurfacéésRe,) and
ImA (s1,S2) in the vicinity of the pointsg = (0,0,1):

Re\, =2+/29 42,/ +3,

|m)\i=—251:|:\/—252+2 S +5.

Calculation of the exact solution of the characteristic equation for the makixwith

the inverse dielectric tensay defined by equation (17) shows a good agreement of the
approximations (19ith the numerical solution, see Figure 2. One can see that the both
surfaces of real and imaginary parts have a Whitney umbrella singularity at the interaction
point; the surfaces self-intersect along different rays, which together constitute a straight line
when projected on parameter plane. Other physical examples related to strong and weak
interaction of eigenvalues are presented in [9, 4, 6].

(19)
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Exact solution

Exact solution

Figure 2. Eigensuréces of a crystal and their approximations

4. Mechanical Applications

In this section we consider applications in mechanics. First we study oscillations and stability
problems for a pendulum with periodically varying length. It is a model of child’s swing.
Then we consider stabilization effect for an elastic rod, compressed by a longitudinal force
greater than the critical Euler’s value, by longitudinal vibrations applied to the rod end. This
is called Chelomei’s problem.

4.1. Stability of a Pendulum with Variable Length

Oscillations of a pendulum with variable length is among classical problems of mechanics.
Usually, the pendulum with periodically varying length is associated with a child’s swing.
As probably everyone can remember, to swing a swing one must crouch when passing
through the middle vertical position and straighten up at the extreme positions, i.e. perform
oscillations with a frequency which is approximately twice the natural frequency of the swing.
Despite popularity of the swing, in the literature on oscillations and stability there are not
many analytical and numerical results on behavior of the pendulum with periodically varying
length dependent on parameters. In this paper the stability of the lower vertical position of
the pendulum with damping and arbitrary periodic excitation function is investigated.
Equation for motion of the swing can be derived with the use of angular momentum

alteration theorem. Taking into account also linear damping forces we obtain
d ,d6 ,d60 Co
dt( I dt>+yl a+mg|sln9—0, (20)

wheremisthemass) isthe length g is the angle of the pendulum deviation from the vertical
position,g is theacceleration due to gravity, ands the time, Fig. 3.
It is assumedhat the length of the pendulum changes according to the periodic law

| =lo+ag(Qt), 02"¢(r)dr=o, 1)

wherelg is the meanpendulum lengtha and Q are the amplitude and frequency of the
excitation,¢ (1) is the smooth 2-periodic function with zero mean value.
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VAL

Figure 3. Scheme®f the pendulum with periodically varying length.

Figure 4. Stabilizationregion in Chelomei’s problem

We introduce the following dimensionless parameters and variables

—ote—2 oy |9 R0 gV
T_Qt,e_lo,Qo_ Io’w_Q’B_on' (22)
Then,equation(20) can be written in the following form
], 2e(1) ) . w?sinf
6 ——+Bw |0+ ———=0 23
+<1+s¢(r)+3 T reo(n) (23)

Here the dotdenotes differentiation with respect to new time Behavior of the system
governed by equation (23) will be studied in the following sections via analytical and
numerical techniques depending on three dimensionless problem parameters: the excitation
amplitudeg, the damping coefficien8, and the frequencw under the assumption < 1,

B < 1. Itis convenient to change the variable by the substituien6(1+ ¢ (1)). With

this substitutiorwe obtain a nonlinear equation fgmwhich is useful for stability study of the
vertical position of the pendulum as well as analysis of small oscillations. Equation (23) is
used for stability and dynamics study of the pendulum with variable length. It is shown that
the instability (parametric resonance) regions are semi-cones in three-dimensional parameter
space with singularities at the DP, see also [7, 1].
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4.2.Chelomeis problem

The possibility to increase the stability of elastic systems by means of vibrations was
originally pointed out in [3]. In particular, he arrived at the conclusion that an elastic rod
compressed by a longitudinal force greater than the critical Euler’s value can be stabilized by
high-frequency longitudinal vibrations applied to the rod end. In this study, formulas for the
upper and lower critical frequencies of rod stabilization are derived and analyzed. Itis shown
that, in contrast to the case of high-frequency stabilization of an inverted pendulum with a
vibrating suspension point, the rod is stabilized at excitation frequencies of the order of the
natural frequency of transverse oscillations belonging to a certain region.

We consider a straight elastic rod of constant cross section, loaded by a periodic
longitudinal forceP(t) = Py + R@(wt) applied to itsend. The equation of transverse
oscillations of the rod can be written as

d’u  du d%u d*u

mﬁ+yﬁ+P(t)W+EJW =0, (24)
wherex s the coordinatalong the rod axig; is the timeju(x t) is the rod deflection function;
mis the mass per unit lengtEJ is the flexural rigidity;y is the damping coefficienB and
w are the excitation amplitude and frequency of the longitudinal vibration, respectively. It is
conwenient to introduce non-dimensional parametessR /P, anda = Py/P; — 1 whereP;
is the firstEuler buckling load. The simply supported ends of the rod are considered. Fig.
4 presents the stabilization region in Chelomei's problem. The singularities related to the
points DP and EP are discussed, see also [13, 12].

5. Conclusion

We have discussed interaction of eigenvalues of systems smoothly depending on multiple real
parameters. Diabolic and exceptional points have been mathematically described and general
formulae for interaction of eigenvalues at these points have been derived. This theory has a
very broad field of applications since any physical or mechanical system contains parameters.
Last applications of the interaction theory of eigenvalues are presented in [8, 11].
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Abstract. Numerical methods, especially the finite element method (FEM), have been
widely used in computational fracture mechanics. However, modeling of the crack and its
growth in the standard FE framework require that FE mesh coincidences with the internal
boundary of the crack and desire some technique for remeshing. In the PAK FM&F software
that is developed on the Faculty of Mechanical Engineering of the University of Kragujevac,
beside standard FEM XFEM (eXtended Finite Element Method) and EFG (Element Free
Galerkin Method) is incorporated. The XFEM is recently developed technique for modeling
cracking within the finite element framework that use meshes independent of the crack
configuration and thus avoid remeshing. In the XFEM a discontinuous function and
asymptotic crack-tip displacement fields are added to the finite element approximation to
account for the crack using the notion of partition of unity (PU). This enables the domain to
be modeled by finite elements with no explicit meshing of the crack. Numerical integration
for the enriched elements, linear dependence and the corresponding solution techniques for
the system of equations, as well as the accuracy of the crack tip fields are addressed. For
calculation stress intensity factors (SIFs) we used J-integral. In this paper equivalent domain
integral (EDI) method for evaluation of the J-integral is presented. The developed numerical
model for J-EDI method is incorporated in the PAK FM&F software. The J-EDI method for
determination SIFs in the traditional FE, XFEM and EFG framework is used.

Key words: Finite Element Method (FEM); eXtended Finite Element Method (XFEM); Element Free Galerkin
Method (EFG); Partition of Unity Method (PUM); Stress Intensity Factors (SIFs); J-Equivalen Domain Integral
Method (J-EDI method).

1. Introduction

The classical overall objective of fracture mechanics is the determinate of the rate of
change of the shape of an existing crack. The corresponding computational requirement has
been to obtain the fields - displacement, strain, stress and energy - from which driving force
for crack propagation might be extracted. To determinate the distribution of stresses and
strains fields in a cracked body subject to external loads or displacements there are many
numerical methods: finite Difference Method, Finite Element Method, Boundary Element
Methods, Extended Finite Element Method, Generalized Finite Element Method, and
Element Free Galerkin Method.

For physical problems whose solutions exhibit kinks, jumps, singularities or other special
solution, the standard finite approximation requires considerable mesh refinement to
resolve such features if the elements edges are not aligned with the discontinuities. Further
if the discontinuity evolves with time, the nodes and elements must be updated
continuously. For multiple discontinuities and three dimensional problems becomes rapidly
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intractable. These provide the motivation for the development of a new class of
computational methods called enriched finite element methods. Enriched methods have
been concurrently developed by two research groups; in one, they are called the Extended
Finite Element Method (XFEM), and other, they referred to as Generalized Finite Element
Method (GFEM). Both methods rely on the partition of unity (PUM) approach introduced
by Melenk and Babuska [1].

The eXtended Finite Element Method, XFEM, attempts to alleviate the computational
challenges associated with mesh generation by not requiring the finite element mesh to
conform to cracks, and in addition, provides using of higher-order elements or special finite
elements without significant changes in the formulation. Basis of the method proposed by
Belytchko and Black [2], were presented in [3-10] for the two-dimensional cracks.

The essence of the XFEM lies in sub-dividing a model problem into two distinct parts:
mesh generation for the geometric domain (cracks not included), and enriching the finite
element approximation by additional functions that model the flaws and other geometric
entities. Modeling crack growth in a traditional finite element framework is cumbersome
due to need for the mesh to match the geometry of the discontinuity. Many methods require
remeshing of the domain at each time step. In the XFEM there is no need for the remeshing,
because the mesh is not changed as the crack grows and is completely independent of the
location and geometry of the crack. The discontinuities across the crack are modeled by
enrichment functions.

The Element Free Galerkin methods (EFG) [11-15] are methods for solving partial
differential equations with moving least squares interpolate. EFG methods require only
nodal data; no element connectivity is needed. In a previous implementation of the EFG
method, Lagrange multipliers were used to enforce the essential boundary condition.
However, the use of Lagrange multipliers increases the cost of solving the linear algebraic
equations. A new implementation is developed based on a modified variational principle in
which the Lagrange multipliers are replaced at the outset by their physical meaning so that
the discrete equations are banded. In addition, weighted orthogonal basis functions are
constructed so the need for solving equations at each quadrature point is eliminated.
Numerical examples show that the present implementation effectively computes stress
concentrations and stress intensity factors at cracks with very irregular arrangements of
nodes; the latter makes it very advantageous for modeling progressive cracking.

2. The standard finite element method

The standard finite element method (FEM) is a numerical approach by which this partial
differential equation can be approximated. For physical problems whose solutions exhibit
singularities standard finite element approximation requires mesh refinement. Finite
element mesh must be such that the stress field characteristics are reproduced in the
numerical solutions around of the crack tip. In homogeneous, isotropic, elastic material, the

stress field at crack tip exhibita 1/ Jr singularity. Quarter Point (QP) Singular Elements is
used for solution Fracture Mechanics problems. In 8-nodes isoparametric quadrilateral
elements placing the mid-side nodes on or outside the 4 of the side causes the Jacobian of

transformation to become non positive definite. The 1/ Jr singularity is obtained.
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Figure 1. QP-element near tip of the crack tip

The Stress Intensity Factors (SIF) by using QP elements is:

pa— 2/1 7[ B2 CZ B] Cl
K== E[4u2 —u —4us +u |

N . LN
K"_E E[%l —Uu? —4u™ +u, ]

where are: u, i u, sliding and opening components of the displacement in the B,,B,, C, or

()

C, point (see fig. 1).
High degree of mesh refinement is required for engineering accuracy even for simple
geometry, loading and a single crack. Use QP elements in the standard FEM is necessary

for achieved 1/~/r singularity around of the crack tip.

3. Extended finite element method (XFEM)

In this paper, the method of discontinuous enrichment is presented in general framework.
We illustrate how the two-dimensional formulation can be enriched for the crack model.
The concept of incorporating local enrichment in the finite element partition of unity was
introduced in Melenk and Babuska [1]. The essential feature is multiplication of the
enrichment functions by nodal shape functions. The approximation for a vector-valued

function u"(x) with the partition of unity enrichment has the general form [1]:
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u, (x)= Z N, (x)(z F,(x) b‘,’j (2)
1=1 a=1

where N,, | =(1,N) are the finite element shape functions, F,0, a=(1,M) are the

enrichment functions and by is the nodal enriched degree of freedom vector associated
with the elastic asymptotic crack-tip function that has the form of the Westergaard field for
the crack tip. The finite element shape functions form a partition of unity: ZI N, (x)=1.In

particular case, for the crack, the enriched displacement approximation, using Heavisade
and Near Tip functions, following [4-10], is written as:

u'(x)= D N, (0)|u, +Hx)a, +iFa(X) by A3)
e/, vaa—’ a=1
leNV,

where u, is the nodal displacement vector associated with the continuous part of the finite
element solution, a, is the nodal enriched degree of freedom vector associated with the
Heavisade (discontinuous) function. The x E(X, y) denotes Cartesian coordinates in 2D
space. We denote by A/, the set of all nodes in the domain, and A/, the subset of nodes

enriched with the Heavisade function, and A/, is the subset of nodes enriched with the NT
(Near Tip) functions.

3.1. The enrichment functions

The enrichment is able to take a local form only by enriching those nodes whose support
intersects a region of a crack. Two distinct regions are identified for the crack geometry,
precisely, one of them is the crack interior and the other is the near tip region as it is shown
in fig. 2. In the Figure is shown a region of a crack for enrichment by H and NT functions.

| | | _'J_'Crau: i Tip

]

I @ HMNodes entiched by Heavisade function

m Modes eniched by NT functions

Figure 2. Regions for enrichment near the edges of the crack

The circled nodes are enriched with a discontinuous function, while the squared nodes are
enriched with NT functions. It can be noticed that this shape of enriching near the crack tip,
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is used in [6-10]. In this paper we modified the modality of the nodes enriching near the
crack tip (see next sections).

3.1.1 Generalized heavisade function

The interior of the crack (I',is the enrichment — domain) is modeled by the generalized
Heavisade enrichment function H (X), where H(X) takes the value +1 above the crack and
—1 below the crack [6-10]:

HX1=0 Crack

}1’(}()=D m

HX1=0

Figure 3. Illustration of the values of Heaviside function above and below of the crack

1if (X=X )n>0
H(X) = )

1 if (X-X)-n<0

where X is the sample (Gauss) point, X* (lies on the crack) is the closest point to X, and

n is unit outward normal to crack at X* (see fig. 3).

It can be seen that in the first published works [2], [3] above shape modeling of the
discontinuity was not used. The formulation (4) begins to use due to practical numerical
reasons.

3.1.2 The near-tip crack functions

The crack tip enriched functions ensure that the crack terminates precisely at the location of
the crack-tip. The linear elastic asymptotic crack-tip fields serve as suitable enrichment
functions for providing the correct near-tip behavior, and in addition, their use also leads to
better accuracy on relatively coarse finite element meshes in 2D [2-10].

The crack tip enrichment functions in isotropic elasticity have form of the Westergaard
field for the crack tip:

F(x)={F ,FZ,FX,FA}:[\/Fcosg ,\/Fsing ,\/Fsingsinﬁ, \/Fcosgsinﬁ} (5)

where r and @ denote polar coordinates in the local system at the crack tip. It can be noted
that the second function of the set (5) is discontinuous over there crack faces [2], [3]. The
discontinuity over the crack faces can be obtained using other functions like Heavisade
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function (3), which have discontinuity. Let the element which contain the crack tip is
denoted as CT element. In the papers [6-10] the discontinuity behind the tip in the CT
element is accomplished by second function of the set (5). In this paper, the discontinuity in
the CT element we have achieved with Heavisade function (4).

3.2. The level set representation of the crack

In this paper a crack is presented using the set of the linear segments. The crack is
described by means of the tip position and level set of a vector valued mapping. A signed
distance function y/(x) is defined over computational domain QQ using:

p(x) = sign[n-(X-X") |min|X - X'| (©6)

xell,

where nis the unit normal to T', and X is the closest point to X, see fig. 3. The crack is

then represented as the zero level set of the function (X)) , i.e.:

w(X)=0 (7
The position related to the crack tip is defined through the following functions:
rX)=(X=X¢r)-t ®)

where t is the unit tangent to I'; at the crack tip A and X, is coordinate of A, . The value
7(X) =0 corresponds to the crack tip. We defined LS functions y(X) and y(X)in the
whole computational domain. The crack and the crack tip are represented like:

r, :{X Tp(X)=0 A }/(X,t)SO} ©)

In fig. 4, the definition of the w(x)and y(x) around the crack is shown. For the crack
representations linear interpolation has been used.

Figure 4. Definition of the level set functions ¥/(X) and y(X) around the crack
The Heavisade step function (4) is modified using the LS function y(X,t):
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1 if #(X)<0

HW(X)):{H it 7(X)>0 (10)

The Near Tip functions F_(r,0), o =1,4, that have form of the Westergaard field for the

crack tip [3], also should be defined using the LS functions [6-9], to obtain polar
coordinates in the local system at the crack tip (see fig. 5):

rX) =y’ (X)+7°(X) and 6(X)=tan" 7X) an

w(X)

Apart from the other authors [6-10] we used NT functions only ahead the crack tip
(7(X,t) >0), while behind the crack tip (y(X,t) <0 ), we ensured discontinuity across the

crack (w(X,t)=0), using only the step function H(y(X)). Therefore, the Westergaard

field was used only for derivation of the asymptotic stress field ahead of the location near
the tip i.e., y(X,t) >0[6-9].

4. Element free Galerkin method

Unlike the representational methods discussed mesh free methods rely on a field solver
different from standard FEM. EFG method is a mesh free method in which the
approximating function is a linear combination of a basis function and is fit to data by a
weighted quadratic function. The Moving Least-Square (MLS) approximation constructed
entirely in terms of a set of interior nodes and a description of the boundaries of the model.
The value of the desired function i.e., displacements, at any point is obtained by solving a
set of linear equations [11-15].

Free point domain

|
Integration : |
point I :
of influence

Free point

Figure 5. Free points domain in relation to integration point
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In the EFG method, due to the application of the MLS approximation, displacement
u(x,y,z) =u"(x) is [11-15]:

0 (x) = Z p,(x)a,(x) =p' (x) a(x) (12)

where p;(x) are the basis functions of the coordinates of free points, and &, (x) are the
coefficients, which are the functions of spatial coordinates X. In general case, the basis

functions for two-dimensional problems (in this paper, we have used linear base m =3):
P () =[LxY] (13)

Coefficients a(x) in (12) for every point X has obtained by minimization of middling
form:

20 =Y W (X (x,) ax)— ' (14)
and have the value:
a(x)= A" (x) PPW(x)u (15)

~1
where: U is displacement of the free point I, w, (x) weight function of the free point |, and
n is the number of free points which influence to the integration point, fig. 5. Matrix

A(x) has defined in the following way:

AX)=P"W(x)P (16)
where:
Wy =W, (X—-X,)d a7
and
P =p (18)

In the EFG method, the weight functions W, (X)are generally monotonously falling
functions of distance|| X — X, ||. These functions influence to the displacement u"(x) . This
is obvious when a(x) from (16) is replaced in (12). In this paper, we used the followed

form of weight function:

W, (d,) = (=T < O, (19)
1-e
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where d, :"x—x," is distance from free point x, to interpolated point x, and d
defines the maximal area of weight function influence for each free point—influence radius.
Coefficient ¢ has differently defined in literature. In this paper, we have used definition
according to [14-15]:

c=cad (20)

max,

In this case, the recommendation for the value of « is 0.4. We have adopted value for the
coefficientk, =1.

5. Equialent domain integral method (EDI) for evaluation J-integral

Rice [16] defined a path-independent contour J-integral for two-dimensional crack
problems in linear and nonlinear elastic materials. As shown in the fig. 6, J is the line
integral surrounding a two-dimensional crack tip and is defined as:

3y = lim, (Wo,, —oyu;, )nydl, i, j=1,2 (21)

where W is the strain energy density given by:

1 1 .
W :50'“5ij :ECijk,gklgij, i, j,k,1=12 (22)
and n; is the outward normal vector to the contour integration, I's is around the crack tip
(as shown in fig. 6), oy is stress tensor, &; is strain tensor, Cy,, is constitutive tensor and

U, is component of vector of the displacement.

Figure 6. Conversion of the contour integral into an EDI
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The EDI approach has the advantage that the effect of variable body forces can be included
easily. The standard J-contour integral given by Eq. (21) is rewritten, by introducing a
weight function q (x] , x2) into the EDI. Hence, we define the following contour integral:

W= [W6; —oyu;,)m;qdT (23)
r

where I'=T',+I"" —T's +I" is contour (fig. 6), M; is a unit vector outward normal to the
corresponding contour (i.e. m;=n;on I'; and m;=-n;on I'y), and q is a weight
function defined as q =1 inside the contour I' and q =0 for the domain outside I".
Taking the limit I'y — 0 leads to [18, 19]:
lim ¥ = rlsiriloj(wakj ~oyU;,)m,qdT

T

Is—0

= lim W, —o,u,,)m,qdT 24)

[g—0d Tp+I"+I" -Tg

- rlsiglo-[roﬂ'“rl' Ws, —aijui,k)qudl“—rlsir_r)loj.rs W3, —oyu;,)m,qdT.

Applying the divergence theorem to Eq. (24), we obtain the following expression:
Jo=[ (o, W, ) da+ [ (o, -We,) adA 25)

where A is the area enclosed by I' . Note that the addend in the above equation must
vanish for linear-elastic materials [6, 17, 20], so we have:

Ji = J‘A(Uijui‘k _Wé‘kj )q,J’dA (26)

This expression is analogous to the one proposed for a Surface Integral Based Method, to
evaluate stress intensity factors.

7. Numerical example

In this example the stress intensity factor of the crack located in the steam turbine housing 4
Thermal plant Kolubara is calculated. Due to fact that there is no analytical solution for this
example, numerical results obtained with EFG and XFEM were compared with
corresponding ones obtained using standard FEM. In the standard FEM and EFG method,
2D mesh with eight nodes per element is used. In the XFEM, linear four nodes elements are
used.

Effective stress for 2D turbine model without insulation, for the crack length 30 mm using
FEM and XFEM is shown in fig. 7.
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a)
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b)
Figure 7. Effective stress field of crack length by the a) FEM and b) XFEM
(crack length 30 mm)

The crack path is independent of the mesh structure, as it is shown in the fig. 7. The crack

growth is considered in the 8 steps as well as in the literature [8,14,15].

Table 1. The comparative results for stress intensity factor K;

a(mm) 20 25 30 35 40 45 50
K; FEM 7.6 8.5 9.0 9.6 10.0 10.5 11.0
K; XFEM 7.3 8.1 8.5 9.0 9.5 9.7 10.4

KiyEFG 78 84 89 96 104 113 123

60
15.1
13.3

15.8
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Figure 8. Relationship between Stress Intensity Factor K; and crack length

The results shown in the Table 1 were obtained using standard FEM, EFG and XFEM. The
J-EDI approach for defining stress intensity factor was used in those methodologies. We
have displayed only the opening mode stress intensity factor, K;, because it is dominating in
this example. In the fig. 8, the relationship between stress intensity factor K; and crack
length is shown. Increasing of the crack length from 20 mm to 60 mm causes increasing of
the stress intensity factor, as it is illustrated in the fig. 8. The some difference in numerical
results colud be adressed to different order of element interpolation which is used in the
XFEM and EFG.

8. Conclusion

Crack propagation is a process of evolutionary geometry driven by relatively high values
and gradients in crack front fields. The integration of all three fundamental aspect of the
problem — computing local field quantities, ascertaining resulting material damage, and
evolving the crack- can be had with a reach variety of approaches, some numerical method
as well as: XFEM, EFG, LSM, J-EDI. For the numerical simulation we apply a
combination of the eXtended Finite-element method (XFEM) and the Level Set Method
(LSM). In the XFEM the Finite-element approximation is enriched by appropriate functions
through the concept of partition of unity. The geometry of material interfaces and cracks is
described by the LSM. The combination of both, XFEM and LSM, turns out to be very
natural since the enrichment can be described and even constructed in terms of level set
functions. The programme was write in FORTRAN and integrated in PAK FM&F [10] for
considering different methodologies and its influence on the results. Developed programme
is based on the standard FEM, EFG and XFEM. The advantage of XFEM and EFG related
to the standard FEM is feasibility to use fixed finite element mesh, whereby the crack
growth is independent of the mesh.
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REDUCED ORDER MODELS FOR ANALYSIS AND CONTROL OF
NONLINEAR SYSTEMS WITH PERIODIC COEFFICIENTS
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ABSTRACT. This work presents some methodologies for order reduction of parametrically
excited nonlinear systems subjected to external inputs. This important class of problems
arises in the analysis and control of structures with rotating components and periodic in-
plane loads or systems described by nonlinear differential equations representing dynamics
about a periodic motion. The techniques presented are based on construction of a time-
varying invariant manifold. Two types of inputs are considered; namely, an external
periodic excitations and a nonlinear, stabilizing state feedback control.

In the first case we are interested in approximating an N dimensional
time-periodic nonlinear system of the form

x = A(t)x+&f, (x,1) + G(t) 1)
by a system of differential equations of a smaller dimension
M << N. In the above equation & is a small positive number and G(t) is a given

periodic input. Order reduction for all three cases (viz., fundamental, sub and super
harmonic) are considered. The second problem deals with Next we consider an order
reduction of a parametrically excited nonlinear closed-loop system of the form

x:A(t)x+fr(x,t)+[g0(t)+grfl(x,t)]u 2

where U is a scalar state feedback. In both cases we apply
Lyapunov-Floquét (LF) transformation and separate the dominant and the non-dominant
(slave) states. Then the dominant dynamics represented by the reduced order model, can be
decoupled from the non-dominant dynamics by constructing an invariant manifold relating
the non-dominant states as nonlinear periodic functions of the dominant states [1]. The
control problem (given by equation (2)) involves design of a linear as well as a nonlinear
controller where the linear controller is designed using a symbolic approach that can place
the Floquét multipliers in the desired locations [2]. Examples are included to demonstrate
the effectiveness of the method.

Keywords: Floguét multipliers, Time-periodic systems, Lyapunov- Floquét transformation,
Order reduction, Invariant manifold
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